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CONCENTRATION ESTIMATES FOR EMDEN-FOWLER 
EQUATIONS WITH BOUNDARY SINGULARITIES AND 
CRITICAL GROWTH 

N. GHOUSSOUB AND F. ROBERT 


Abstract. We establish -among other things- existence and multiplicity of 

l i 2 * -2 

solutions for the Dirichlet problem • dau+ ' u , , s u = 0 on smooth bounded 

I x I 

domains Q of (n > 3) involving the critical Hardy-Sobolev exponent 2* = 
2 ^n—2^ w ^ iere 0 < s < 2, and in the case where zero (the point of singularity) is 
on the boundary d£l. Just as in the Yamabe-type non-singular framework (i.e., 
when s = 0), there is no nontrivial solution under global convexity assumption 
(e.g., when Q is star-shaped around 0). However, in contrast to the non- 
satisfactory situation of the non-singular case, we show the existence of an 
infinite number of solutions under an assumption of local strict concavity of dD 
at 0 in at least one direction. More precisely, we need the principal curvatures 
of dD at 0 to be non-positive but not all vanishing. We also show that the 
best constant in the Hardy-Sobolev inequality is attained as long as the mean 
curvature of dfl at 0 is negative, extending the results of 1ST) and completing 
our result of 1221 to include dimension 3. The key ingredients in our proof are 
refined concentration estimates which yield compactness for certain Palais- 
Smale sequences which do not hold in the non-singular case. 


1. Introduction and statement of the results 

We address the problem of existence and multiplicity of possibly sign-changing 
solutions of the following Emden-Fowler boundary value problem on a smooth do¬ 
main Q of K", n > 3: 


/ Au = H |x|A mV'ifl) (1 ) 

( u = 0 on dCl. 

where here and throughout the paper, A = — yb da is the Laplacian with minus 
sign convention, and 2* := 2*(s) = with s £ [0,2]. The non-singular case, 

i.e., when s = 0, is the Euclidean version of the celebrated Yamabe problem con¬ 
sidered first by Brezis and Nirenberg ||)| followed by a large number of authors. 
Here again the situation is interesting since we are dealing with the correspond¬ 
ing critical exponent in the Hardy-Sobolev embedding R^ 0 (H) —> L p ( 0; |a;| -s cfe) 
which is not compact when p = 2*(s). We recall that is the completion 

of the set of smooth functions compactly supported in H, for the norm 
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IMIjjJ 0 (fi) = \jIn l^ M l 2 dx, and that the above embedding follows from the Hardy- 
Sobolev inequality (0, EH, M) which states that the constant defined as 


Hs{ U) := inf \S7u\ 2 dx\ u £ H 2 0 (Cl) and 


dx = 1 


( 2 ) 


satisfies 0 < ii s (Cl) < +oo. This in turn allows for a variational approach for the 
problem of finding solutions in Hf 0 (Cl) n C°(fi) for the Dirichlet problem JTJ. 

Now the story of the state of the art in the non-singular case is quite extensive 
(see for instance Struwe |3E|), but for our purpose we single out the following 
highlights: 

1) For any domain Cl, the best constant no(Cl) is the same as ^ o(R") and it is 
never attained unless Cl is essentially R" (i.e., cap(R ra \fl) = 0), in which case there 
is an infinite number of sign-changing solutions for 

Ati = | it| u, in is iiij 


u = 0 


in V'(Cl) 
on dCl. 


Moreover, there are no solution for 0 whenever Cl is bounded convex or star¬ 
shaped. On the other hand, there are solutions if Cl is not contractible (in dimension 
3) and an infinite number of them Pj, if the domain Cl has non-trivial homology 
(i.e., Hd(Cl,Z 2 ) ^ 0 for some d > 0). Unfortunately, these topological conditions 
are far from being optimal and no geometric condition that would guarantee the 
existence of one or more solutions, have so far been isolated. 

2) On the other hand, the addition of a linear term to the equation, such as 


A u = 
u = 0 


u I 2 2 u- 


Xu 


in V(Cl) 
on dCl. 


(4) 


improves the situation dramatically, especially when 0 < A < Ai, since there is then 
a positive solution for any smooth bounded domain Cl in R" as long as n > 4 (See 
Brezis-Nirenberg 0). The case n = 3 is more delicate and was dealt with by Druet 
m Most relevant to our work, are the recent results by Devillanova and Solimini 
who managed in a remarkable paper El. to establish the existence of an infinite 
number of solutions for in dimension n > 7. 

The situation for the Emden-Fowler equations (i.e., when s > 0) turned out to 
be at least as interesting, and somewhat more satisfactory. Actually, the case when 
0 belongs to the interior of the domain Cl is almost identical to the non-singular 
case j!2] as one can prove essentially the same results with a suitable adaptation of 
the same techniques. However, the situation is much different when 0 £ dCl. 

1) Indeed, Egnell showed in m that for open cones of the form C = {x £ 
R”; x = rO,9 £ D and r > 0} where the base D is a connected domain of the unit 
sphere S'" -1 of R”, the best constant /i s (C) is attained for 0 < s < 2 even when 
C ^ R”. The case where dCl is smooth at 0 was tackled in m and it turned out 
to be also quite interesting since the curvature of the boundary at 0 gets to play 
an important role. It was shown there that in dimension n > 4, the negativity 
of all principal curvatures 1 at 0 -which is essentially a condition of “local strict 
concavity” - leads to attainability of the best constant for problems with Dirichlet 


1 1n our context, we specify the orientation of dfl in such a way that the normal vectors of dfl 

are pointing outward from the domain C2. 
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boundary conditions, while the Neumann problems required the positivity of the 
mean curvature at 0. 

More recently, we show in J22 that for dimension n > 4, the negativity of the 
mean curvature of dLl at 0 is sufficient to ensure the attainability of /j, s (LI). This 
result is quite satisfactory, since standard Pohozaev type arguments show non¬ 
attainability in the case where LI is convex or star-shaped at 0. One of the results of 
this paper is the extension of this attainability result to cover all dimensions (greater 
than 3) including the more subtle context of dimension 3. We shall establish the 
following 

Theorem 1.1. Let LI be a smooth bounded oriented domain of R n , n > 3, such 
that 0 £ dLl and assume s £ (0,2). If the mean curvature of dLl at 0 is negative, 
then /r s (0) is achieved by a positive function which is -a positive multiple of- a 
solution for 

[ A u = mV {LI) 

| a>0 in LI (5) 

y u = 0 on dLl. 

2) As to the question of multiplicity of solutions for Q, we note that Ghoussoub- 
Kang had shown in m the existence of two solutions under the assumption that all 
principal curvatures at 0 are negative. More precisely, assuming that the principal 
curvatures or, ..., a n _i of dLl at 0 are finite, the oriented boundary dLl near the 
origin can then be represented (up to rotating the coordinates if necessary) by 
xi = yo{x') = - \YJi= 2 a i-V 2 i+o{\x '\ 2 ), where x' = (x 2 ,...,x n ) £ S 5 (0)n{a;i = 0} 
for some <5 > 0 where B${ 0) is the ball in R™ centered at 0 with radius 6. If the 
principal curvatures at 0 are all negative, i.e., if 

max a.i < 0, (6) 

l<i<n—1 

then the sectional curvature at 0 is negative and therefore dLl -viewed as an (n — 1)- 
Riemannian submanifold of R"- is strictly convex at 0 (see for instance 119| 1. The 
latter property means that there exists a neighborhood U of 0 in dLl, such that 
the whole of U lies on one side of a hyperplane H that is tangent to dLl at 0 and 
U (~1 H = {0}, and so does the complement R" \ LI, at least locally. In other words, 
the above curvature condition then amounts to a notion of strict local convexity of 
R” \ LI at 0. In this paper, we complete and extend these results in many ways, 
since we establish the existence of infinitely many solutions under the following 
much weaker assumption: 

max on < 0 and min on < 0. (7) 

l<i<n—1 l<i<n-l 

which is a condition of “local concavity at 0” that is “strict” in at least one direction. 

Theorem 1.2. Let LI be a smooth bounded oriented domain o/R", n > 3, such that 
0 £ dLl. Let s £ (0,2) and a £ C ll (fl) be such that the operator A + a is coercive 
in Ll. If the principal curvatures of dLl at 0 are non-positive, but not all vanishing, 
then there exists an infinite number of solutions u £ Hf 0 (Ll) fl C 1 (I2) for 

f A u + an = u mV (Li) 

j u = 0 on dLl. 
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We do not know if the negativity of the mean curvature at 0 is sufficient for the 
above result, however it is a remarkably satisfactory once compared to what is 
known in the nonsingular case and since -as mentioned above- we have no solution 
when f 1 is convex or star-shaped at 0. 

3) All these results rely on blow-up analysis techniques where the limiting spaces 
(i.e., on which the blown-up solutions of corresponding Euler-Lagrange equations 
eventually live) play an important role. In the non-singular case, the limiting space 
is R” while in our framework, the limiting cases occur on half-spaces of the form 
R” = {x £ R" / Xi < 0}, where x\ denotes the first coordinate of a generic point x £ 
R” in the canonical basis of R n . The above theorem is a corollary of a more powerful 
result established below about the asymptotic behaviour of a family of solutions to 
elliptic pde’s, which are not necessarily minimizing sequences. We actually study 
families of solutions to related subcritical problems, and we completely describe 
their asymptotic behaviour potentially developing a singularity at zero- as we 
approach the critical exponent. 

More precisely, we say that a function is in C 1 (n) if it can be extended to a 
C 1 —function in a open neighborhood of f2, and consider a family (a e ) e >o £ C 1 (fl) 
and a function a £ C x (fl) such that there exists an open subset U C R" such 
that a e , a can be extended to U by C 1 —functions that we still denote by a e , a. We 
assume that they satisfy 

O CC U and lim a e = a in C 1 ^). (8) 

e —*0 

Here is the main result of this paper. 

Theorem 1.3. Let LI be a smooth bounded oriented domain o/R", n > 3, such 
that 0 £ dLl. Assume s £ (0,2) and consider (a e ) e> o £ such that 0) hold. 

We let (p e ) e >o such thatp e £ [0,2* —2) for all e > 0 and lim e ^o Pe = 0. We assume 
that the principal curvatures of dfl at 0 are non-positive but do not all vanish. We 
consider a family of functions (u e ) e >o that is uniformly bounded in Hf 0 (f2) and 
satisfying 

j A u £ + a e u e = | x | s - u e in V'{Ll) 

[ u e = 0 on dLl. 

1) The family ( u e ) e >o is then pre-compact in the C 1 — topology. In particular, 
there exists uo £ Hf 0 (Ll) such that, up to a subsequence, we have that lim e ^o = 
uq in C 1 ( 12). 

2) Moreover, if the u e ’s are nonnegative for all e > 0, then the same conclusion 
holds under the sole hypothesis that the mean curvature of dfl at 0 is negative. 

The proof of this last theorem uses the machinery developed in Druet-Hebey- 
Robert EM and is in the spirit of Druet m, where the concentration analysis is 
studied in the intricate Riemannian setting. The study of the asymptotic for elliptic 
nonlinear pde’s was initiated by Atkinson-Peletier []. see also Brezis-Peletier -7 . 
In the Riemannian context, the asymptotics have first been studied by Schoen m 
and Hebey-Vaugon ;32J. This tool turned out to be very powerful in the study of 
best constant problems in Sobolev inequalities, see for instance Druet m. Hebey- 
Vaugon Ea, m and Robert E3). We also mention the study of the asymptotics 
for solutions to nonlinear pde’s (Han JJTj, Hebey m , Druet-Robert m and Robert 
ESI). In the case of arbitrary large energies, the compactness issues become quite 
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intricate, especially in the Riemannian context, see for instance the pioneer work of 
Schoen 03. We also refer to the recent work of Druet 03] and Marques 03 ■ One 
can also find compactness results for fourth order equations in the work of Hebey- 
Robert m and Hebey-Robert-Wen m- In a forthcoming paper EH, we tackle 
similar questions for various critical equations involving a whole affine subspace of 
singularities on the boundary. 

The paper is organized as follows. In Section 0 we state general facts and two 
lemmae that will be useful throughout the paper. In Section 0J we construct the 
different scales of blow-up. In Sect ions Q] and 0] we prove strong pointwise estimates 
for sequences of solutions to our problem. In Section[6l we use the Pohozaev identity 
to describe precisely the asymptotics related to our problem and we prove theorem 
Q Section 0 contains the proofs of Theorems 1.1 and 1.2. Finally, we give in the 
Appendix a regularity result for solutions to a critical PDE, some useful properties 
of the Green’s function and a symmetry property of solutions to some nonlinear 
elliptic equations on the half-plane. 


2. Basic facts and preliminary Lemmae 


Throughout the paper, will be a smooth bounded domain of R n , n > 3, such 
that 0 € dCl. For s £ (0, 2), we write 2* = 2*(s) := an d f° r each e > 0, we 

consider p e £ [0, 2* — 2) such that 

limp e =0. (9) 

e—>0 

We let a £ C' 1 (II) and a family (a e ) e >o G C ,1 (II) such that © holds. For any e > 0, 
we consider u e £ to be a solution to the system 

f A u e + a e u e = ^ ” u e in V (ft) \ 

\u e = 0 on dfl 

for all e > 0. Note that it follows from Proposition [O] of the Appendix that 

u e £ C' 1 ' e (n)nC 2 (n\{0}) 

for all 6 £ (0, min{l, 2* — s}). In addition, we assume that there exists A > 0 such 
that 

ll u e||ff= 0 (n) < A (10) 

for all e > 0. It then follows from the weak compactness of the unit ball of Hf 0 (fi) 
that there exists uo £ F/f 0 (fl) such that 

u e u 0 (11) 

weakly in 0 (H) when e —> 0. Note that uq verifies 


Auo + uuq = —j—j- uq in 

FT 

It follows from the Appendix that 

£ c M (o)nc 2 (n\{o}) 

for all 9 £ (0,min{l,2* — s}). The following Proposition addresses the case when u e 
is uniformly bounded in L°°. Note that here and in the sequel, all the convergence 
results are up to the extraction of a subsequence. 
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Proposition 2.1. Let fl be a smooth bounded domain of R”, n > 3, such that 
0 £ <912. We let ( u e ), (a e ) and ( p e ) such that (Ee), 0 ) and m hold. We assume that 
there exists C > 0 such that |u e (a")| < C for all x £ 12. Then up to a subsequence, 
lim e ^o M e = uq in C l (fl), where Uq is as in \11\) . 

Proof: It follows from the proof of Proposition IQ of the Appendix that for any 
9 £ (0,min{l,2* — s}), there exists C > 0 such that ||we|lci,e(n) < C 1 for all e > 0. 
The conclusion of the Proposition then follows. We refer to the Appendix for the 
details. □ 

From now on, we assume that 

lim lhe|U“(fi) = +oo. (12) 

e—>0 

Throughout the paper, we shall say that blow-up occurs whenever m holds. We 
define 


IT = {x £ MT/xi < 0} 

where X\ is the first coordinate of a generic point of R”. This space will be the limit 
space after blow-up. In the sequel of this section, we give some useful tools for the 
blow-up analysis. We let yo £ 912. Since <912 is smooth and yo £ <912, there exist U , V 
open subsets of R”, there exists I an open intervall of R, there exists U' an open 
subset of R n_1 such that 0 £ U = I x U’ and yo £ V. There exist <p £ C°°(U, V) 
and tpo £ C°°(U') such that, up to rotating the coordinates if necessary, 

(?) <p : U — » V is a C°° — diffeomorphism 
{ii) ¥>(0) = y 0 
(Hi) = IdRrz 

(iv) <p(U n {iei < 0}) = ip(U) D 12 and tp(U D {x\ = 0}) = <p(U) fl 912. 

(v) <p(x!,y) = yo + (xi + (fio(y),y) for all (xi,y) £ I x IP = U 

( vi ) <^o(0) = 0 and V</?o(0) = 0. 

Here D x ip denotes the differential of ip at x. This chart will be useful throughout 
all the paper. 

We prove two useful blow-up lemmae: 

Lemma 2.1. We let 12 be a smooth bounded domain of R n , n > 3. We assume 
that 0 £ 912. We let (u e ), (a e ) and (p e ) such that (E e ), 0, 0 and \1(A) hold. We 
let (y e )e> o G 12- Let 

:= \u e (y e )\~^ and := \y e \%\u e (y e )\^ . 

We assume that lim £ ^o = 0. In particular, lim e _,o Pe = 0. We assume that 
for any R > 0, there exists C(R ) > 0 such that 

\u e (x)\ <C(R)\u e (y e )\ (14) 

for all x £ BRfi e (y e ) ft 12 and all e > 0. Then we have that 

ye = o(v\-^) 

when e —► 0. In particular, lim e ^o y e = 0. 
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Proof of Lemma not We proceed by contradiction and assume that 

lim = +oo. (15) 

e—>0 £ e 

1- Ps— 

where £ e := u e 2 2 for all e > 0. In particular, it follows from the definition of /3 e 
and IS that 


lim (3 t = 0, lim -f- = +oo and lim = o. (16) 

e-o \y e \ 


Case 1: We assume that there exists p > 0 such that 

d{y e ,dLl) 


Pe 


> 3 p 


for all e > 0. For x £ B 2p {0) and e > 0, we define 

UeiUe + PtX) 


E {x) := 


e{Ve) 


Note that this is well defined since y t + p e x £ for all x £ B 2p (0). It follows from 
m that there exists C{p) > 0 such that 


I^O) I < C(p) 

for all e > 0 and all x £ B 2 p(0). As easily checked, we have that 


(17) 


Av t + P 2 a e (y e + P t x)v e = 


\v e \ 2 2 Pc v e 


Ve I Pe , 
\Ve\ + \Ve\~ 


weakly in B 2p (0). Since (1161) holds, we have that 

Av e + P 2 a e {y e + p e x)v e = (1 + o( l))\v e \ 2 *~ 2 ~ Pe V e (18) 

weakly in B 2p ( 0), where lim e ^ 0 o(l) = 0 in Ci oc (B 2p (0)). It follows from (TT7ll . flU 
and standard elliptic theory that there exists v £ C 1 (B 2p (0)) such that 


in Q 1 O c(-®2p(0)) when e —> 0. In particular, 

v(0) = limv^O) = 1 

and v ^ 0. With a change of variables and the definition of /3 e , we get that 


( 19 ) 


|2*- Pe 


12/e 


■ dx = 


/nnBpp e (y, 


12* Pe 


' B p (0) 


Ve | Pe 
\Ve\ + \V,\ X 


■ dx 


> 


12/e 


12 *-p c 




Ve I /3e rj, 

TyTT + Ty7T‘ T 


■ dx. 
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Using the equation (E e ), (II Of) . (ITKl) and (TTul) and passing to the limit e —> 0, we get 
that 

I |u| 2 dx = 0, 

Jb„( 0 ) 

and then v = 0 in B p ( 0). A contradiction with 111)1) . Then <EJ> does not hold in 
Case 1. 


Case 2: We assume that, up to a subsequence, 


lim 

e —>0 


d(y e ,dti) 

Pe 


= 0. 


( 20 ) 


In this case, 


lim y e = y 0 £ dtt. 
e^O 


Since yo £ dil. we let ip : U —> V as in d, where U, V are open neighborhoods of 
0 and yo respectively. We let u e = u e o which is defined on U D {x\ < 0}. For 
any i,j = 1,..., n, we let gij = {dip, djip), where (•, •) denotes the Euclidean scalar 
product on R™, and we consider g as a metric on R". We let A g = —div g {S7) the 
Laplace-Beltrami operator with respect to the metric g. In our basis, we have that 


A g = {ckj T%d k ), 

where g l] = ( g~ 1 )ij are the coordinates of the inverse of the tensor g and the lA’s 
are the Christoffel symbols of the metric g. As easily checked, we have that 


A g u e + a e o ip(x) ■ u e = 


\u t \ 2 2 Pe u e 


9 6 ' M*)l‘ 

weakly in U D {aq < 0}. We let z e £ 9U such that 


\Ze - Ve\ = d{y e ,dfl). 

We let y £ ,z e £ U such that 


( 21 ) 


<p(y t ) = y e and ip(z £ ) = z £ . (22) 

It follows from the properties o of ip that 


lim y e = lim z e = 0, (y e )i < 0 and (5 e )i = 0. (23) 

e—►() c—►() 

At last, we let 


- , , U £ (z £ + p e x) 

Ve{x) := -——- 

Ue {ye) 

for all x £ U p Ze 0{aq < 0}. With 1231) . we get that v f is defined on .B.R(0)n{aq < 0} 
for all R > 0, as soon as e is small enough. It follows from HJ that there exists 
C'(R) > 0 such that 


\v e (x)\ < C'(R) 

for all e > 0 and all x £ 0) D {aq < 0}. The function v e verifies 


A g e V e + P £ a e o p{z € + p e x)v e = 


<p{z c +0 € x) 


( 24 ) 
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weakly in Br( 0) fl {x\ < 0}. In this expression, g e = g(z e + /3 e x) and A g e is the 
Laplace-Beltrami operator with respect to the metric g e . With (123), El and (|22|l . 
we get that 


<p{Ze + PeX) =Ve + Or( l)/3 e , 

for all x £ -Br(O) D {xi < 0} and all e > 0, where there exists Cr > 0 such that 
|Or(1)| < Cr for all x £ -Br(O) D {x\ < 0}. With lUoll . we then get that 


\<p{z e + P e x)\ 

lim -;—:- = 1 

12/e I 

in C°(B r ( 0) D {xi < 0}). It then follows that 


Ag e v e +/3 e V ogj(z e +p e x)v e = (1 + o(l))|{; e | 2 * 2 Pe v e 
weakly in Br(0) D{a;i < 0}, where lining o(l) = 0 in C°(Br(0) D {x\ < 0}). Since 
v e vanishes on Br( 0) D {x\ = 0} and 1241) holds, it follows from standard elliptic 
theory that there exists v £ C 1 (Br{ 0) D {xi < 0}) such that 

lim v e — v 

e —>0 

in C°(Br(0) D {x\ < 0}). In particular, 

v = 0 on Bs(0) n{xi = 0}. (25) 

Moreover, it follows from (HU), EU and El that 

_iA = land lim^vii=0. 
fie J e—>0 (3 e 

In particular, i;(0) = 1. A contradiction with (|25|) . Then m does not hold in Case 

2 . 

In both cases, we have contradicted El- This proves that y e = 0(£ e ) when e —> 0, 
which proves the Lemma. □ 

Lemma 2.2. We let fl be a smooth bounded domain ofW n , n > 3. We assume 
that 0 £ dfl. We let ( u e ), ( a e ) and ( p e ) such that (E e ), jty). and 11(A) hold. We 
let (u e ) e> o and (£ e ) e >o such that u e ,£ e > 0 for all e > 0 and 

1 —fj 

= Ve 2 2 and lim = 0. 

e—>0 

Since 0 £ dfl, we let (p : U —> V as in nw with yo = 0, where U, V are open 
neighborhoods of 0. We let 



U e (x) := Ue 2 U e O ip(l e x) 

for all x £ j- D {x\ < 0} and all e > 0. We assume that either 
(LI) for all R > 0, there exists C(R) > 0 such that 

M*)| <C(R) 

for all x £ Br{ 0) D {x\ < 0}, or 

(L2) for all R > 6 > 0, there exists C(R , S) > 0 such that 


\he(x)\ <C(R,S) 
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for all x £ (Br( 0) \ Bg(0)) D {x\ < 0}. 

Then there exists u £ L/f 0 (R”) n C ,1 (K") such that 

AS = ^ 2u in X>'(R" ) 

M s 

and _ 

mnfi =u in / C Lm if (LI) holds 

iimu e u m \ {o}) if ( L2 ) ho i ds 

Proof of Lemma no Let r] £ C°°(R n ). As easily checked, we have that 

V u e £ Hl 0 (Rf) 

for all e > 0 small enough, and 

V (rju e )(x) = S £ Vt 7 + r?4^ e ~D(4 x )y[(Vite)(</?(4a:))], 
for all e > 0 and all x £ R™. In this expression, D x ip is the differential of the 
function <p at x. We get that 


[ \\/(r]h e )\ 2 dx < 2 / |V??| 2 S 2 dx 

JR n jR n 


+2£ e v™ ~ / \D { t ex) ip[(yu e )(<p(£ e x))]\ dx. 

■1 irt nSnpp 7 ; 

With Holder’s inequality and a change of variables, we get that 


[ \V(r]u e )\ 2 dx < 2 ( [ |V 77 | n dx] (f 
JR n \ JR n / \Jr 


\u f I "- 2 dx 


R^nSupp v?) 


+4C I j 


n—2 


/R"nSupp r) 


| Vit e | 2 (<£(^ 6 x)) dx 


<2||v,E||i||^ (Suppv5) 

Pep- 2) [■ 

+Cis e 2 ’ -2 / |Vu e | 2 dx 

J n 

With another change of variables, we get that 


(26) 


f Q-2) Pe 

/ |V( ?? S e )| 2 dx < ||V?y|| 2 ||u e || 2 _ 2 n 

Jr" 

p e (n-2) 

/ |Vu e | 2 dx (27) 

Jn 

for all e > 0, where C is independant of e. With ED. Sobolev’s inequality and 
since < 1 for all e > 0 small enough, we get with |T7|) that 

ll^llff^CR") = 0(1) 

when e —> 0. It then follows that there exists S v £ -ff 2 0 (M™) such that, up to a 
subsequence, 
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T]U e ->■ u v 

weakly in iL 2 0 (®-) when e —> 0. We let 771 £ C^°(R") such that 771 = 1 in -Bi(O) 
and 771 = 0 in R n \ - 82 ( 0 ). For any R £ N*, we let rjn(x) = Vi{%) f° r all x € R n - 
With a diagonal argument, we can assume that, up to a subsequence, for any R > 0, 
there exists ur £ ff 2 0 (R") such that 


r] R u e ->• u R 

weakly in F/f 0 (R”) when e —* 0. Letting e —> 0 in (23, with m- Sobolev’s 
inequality and since < 1 for all e > 0 small enough, we get that there exists a 
constant C > 0 independant of R such that 



\\7uR\ 2 dx<C\\X7r,R\\ 2 n +C 


for all R > 0. Since 11"V 77 ^11^ = ||V 771 1|^ for all R > 0, we get that there exists 
C > 0 independant of R such that 


|Vu/j | 2 dx < C 


for all R > 0. It then follows that there exists u £ Ff 2 0 (R”) such that ur — i u 
weakly in H 2 0 (R") when R —> + 00 . As easily checked, we then obtain that u v = r)u 
(we omit the proof of this fact. It is straightforward). 

For any i,j = 1, ...,n, we let (g e )ij = {diip(£ e x),djif(£ e x)), where (•, •) denotes the 
Euclidean scalar product on R n . We consider g e as a metric on R”. We let 


Ag 6 = -g? (% - Ttj($e)dk) , 

where := {gj 1 )^ are the coordinates of the inverse of the tensor g e and the 
F^-( 5 e)’s are the Christoffel symbols of the metric g t . With a change of variable, 
equation (E e ) rewrites as 


A g e {tjru £ ) +l 2 e a e oip(l t x)g R u e 


\VRUe 

2 * 2 Pe ilRU e 


<P(IcX) 

S 


4 



mV'(B R {0)n{ Xl <0}) (28) 


for all e > 0. Passing to the weak limit e —> 0 and then R —> +00 in this equation, 
we get that 


Au = ~ U in D'(R^). 

M s 

Since u £ -ff 2 0 (R™), it follows from Proposition o of the Appendix that u £ 
CM(Im) for all 9 £ (0,min{l,2* - s}). 

We deal with case (LI). Since s £ (0, 2), (LI) and hold and u e = 0 on {x\ = 0}, 
it follows from arguments similar to the ones developed in the Appendix that for 
any 9 £ (0, minjl, 2* — s}) and any R > 0, there exists C(6, R) > 0 independant of 
e > 0 small such that 


ll^e||cu 9 (B H (o)n{xi<o}) < C(6,R) 
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for all e > 0 small. It then follows from Ascoli’s theorem that for any 6 £ 
( 0 , min{l, 2 * - s}), 


lim u e = u 

e—>0 

in C'/of (®-)■ The proof proceeds similarly in Case (L2). This ends the proof of the 
Lemma. □ 


3. Construction and exhaustion of the blow-up scales 

This section is devoted to the proof of the following proposition: 

Proposition 3.1. We let tt be a smooth bounded domain o/R n , n > 3. We assume 
that 0 £ dfl. We let (u e ), ( a e ) and (p e ) such that ( E e ), J Tty, [tyi and HO I) hold. We 
assume that blow-up occurs, that is 

lim ||w e ||i~(n) = +oo- 

e—>0 

Then there exists N £ N* ; there exists N families of points {p e ,i)e>o such that we 
have that 

(Al) lim e ^oiie = uq in Cf oc (fl \ {0}) where uq is as in \11\) . 

(A2) 0 < He.i < ... < for all e > 0, 

(A3) 

lim p e tv = 0 and lim ^ £,I+1 = -)-oo for all i = 1...N — 1 

£^0 ’ £ >0 fl ei 

(A4) For all i = 1...N, there exists Ui £ Hf 0 (Wf) D C 1 (R” ) \ {0} such that 

l^»l ■ 'n l ns> n \ 

Am = -—- m V (Ml 

pr 

and 

lim u e i = Ui 
£—>0 ’ 

in Cl oc (Wf \ { 0 }), where 

n -2 

u e ,i(x) := u e (<p(k e ,ix)) 

^ _ Pe 

for all x £ y~ C {x\ < 0} and = p ei 2 *~ 2 . Moreover, lim e ^oW£,i = in 

cum- 

(A5) 

lim lim sup \x\-^~ \u t (x) — uo(x)\ l ~~ 2 =0 

R^+oo £ *0 \ x \> Rke N 

(A 6 ) For any S > 0 and any i = 1...N — 1, we have that 


n — 2 

lim lim sup |a;| 2 

R—»+oo £ *0 Sk e , i+1 >\x\>Rk e ,t 


( N (V 1 (x) 

Ue{X) - M e ,.j +1 U i+ 1 


«£,i+l 


1-7 


= 0. 


(AT) For any i £ {1,..., N}, there exists on £ (0,1] such that 
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lim n p \ = cti. 

The proof of this proposition proceeds in seven steps. 

StepQUl: We let x £ p £ Q and /Lt £> 1 ,fc £il > 0 such that 

re, — 2 l Pe 

max |« £ | = |zt e (a 7 e> i) | = /i e x 2 and fc £) i =/r e l 2 “ 2 . (29) 

We claim that 

|a7,i| = 0(fce,i) (30) 

when e —> 0, and in particular that lim £ ^o 27 = 0. Indeed, we use Lemma EU with 
y € = x £i i, 17 = /x e> i and (7(1?) = 1. We then immediately get that |x £) i| = 0(fc £j i) 
when e —> 0 . 

From now on, we let ip : U —> V as in m with yo = 0 and U, V are open 
neighborhoods of 0 in R n . We then let 


x e ,i = <p(a e ,b e ), (31) 

where a e £ {xi < 0}, b e £ R ”^ 1 and (a £ , 6 £ ) £ U. Note that lim e _o(a e , b e ) = (0,0). 
Step [3J2: We claim that 

d(x et i,dil) = (1 + o(l))|a e | = 0(fc e ,i) (32) 

where lim £ ^oo(l) = 0 . 

Proof of the Claim: Indeed, since 0 £ 9S2, we get with m that 

d(x €i i, dCl) < |x £) i — 0| = 0(fc e ,i) (33) 

when e —> 0. We first remark that 

d(x tt i,dn) < d(x et i,(p{0,b e )) = \a e \. 

We let 7 e £ R ”” 1 such that ( 0 , 7 £ ) £ U D {x\ = 0} and Y e = 0, 7 e ) £ 911 such 

that d(x et i,d$l) = |x £) i —Y e |. Since d(x Et i,dfl) < |a £ |, we get that 

be~ 7e = 0(|a e |), 

when e —> 0 . Since V<po(0) = 0 (where ipo is as in E3> ), we get that 

ipo(be) = <Po(7e) + o(\b e - 7 e|) = <Pohe) + o(|a £ |) 
when e —> 0. Moreover, 


d( x c ,i,dfl) 


1 37,1 - Ye | 

I(a £ + tpo (b e ) - (foil e) A - 7e)\ 
|(a £ + o(a e ), 6 e — 7 e )| < \a e \ 


when e —> 0. It then follows that 6 e — 7 e = o(|a £ |) and d(x £| i, 9fl) = (1 + o(l))|a £ | 
when e —> 0. This prove (E3). □ 
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The classical Hardy-Sobolev inequality asserts that there exists C > 0 such that 


(f <cf | Vu | 2 dx 

\J r» I 2 -! 8 J “Jr - 1 

for all u £ Hf 0 (M. n ). We define 

f R n |Vu | 2 dx 

A*s(R-) := inf-— 

(/m» FF dx ) 

where the infimum is taken over functions u £ Hf 0 (R") \ {0}. The existence of 
^ S (R”) > 0 is a consequence of 423- 

Step[3j3: The construction of the (/Lt e ,j)’s proceeds by induction. This step is the 
initiation. 


(34) 


(35) 


Lemma 3.1. We let 

n — 2 

u e ,i(x) := n e J u e oip(k eA x) 

for all e > 0 and all x £ jf^n{xi < 0}. Then, there exists hi £ Hf 0 (Wf )nC' 1 (K") 
such that 


(Bl) lim e ^ofb,i = ui 

(B2) 


Cl 


F), 


Aui 



in X>'(R”), 


(B3) 


|Vui| 2 dx > n s (Wf) 1 


Moreover, there exists a.\ £ (0,1] such that lim e _>o i = a i- 

Proof of Lemma ro Indeed, since |u ej i(x)| < 1 for all x £ -jfC D {x\ < 0}, 
hypothesis (LI) of Lemma. l2.2l iB satisfied and it follows from Lemma 12.21 that points 
(Bl) and (B2) hold. We let A e = — > 0 and 9 e = fA- £ R n_1 , where a e ,b e 

are defined in lint . It follows from Steps 01 and 02 that there exists Ao > 0 and 
9q £ R " -1 such that lim e ^o(A e , 9 e ) = (Ao,0o)- It then follows from the definition 
of u e ,i and imt that 


\u eyl {-\ e ,9 e )\ = 1 . 

Passing to the limit e —> 0 and using point (Bl), we get that |ui(—Ao, 0o)| = 1- In 
particular hi ^ 0 and Ao yf 0. Multiplying (B2) by u\ and integrating by parts 
over R" , we get that 


|V{ti| 2 dx 



dx. 


Using the Hardy-Sobolev inequality m and that u\ ^ 0, we get (B3). At last, 
with (pi) . 1271 and Sobolev’s inequality, we get that for any rj £ Cf°( R"), there 
exists C > 0 such that 
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(n-2)p e 

2 dx < 


for all e > 0. Letting e —> 0 and using that u\ ^ 0, we get that lim e ^ 0 > 0. □ 
Step [3J4: We claim that there exists C > 0 such that 


\X\^\Ueix )] 1 < C 


(36) 


for all e > 0 and all x £ 11 . 

Proof of the Claim: We argue by contradiction and we let (y e ) e >o £ H such that 


sup |x|" 2 ‘ \Ueix)] 1 ^ = \y e \ n 2 2 -> +00 

when e —> 0. We let 

u e := \u e (y e )\~^ and 4 := v\ 
for all e > 0. It follows from m that 

\v I 

lim —ff— = +oo and lim v e = 0 . 

e—>0 £ e e—>0 

We let 

P t :=\y e \i\u e (y e ) l 2 ^. 

It follows from (EZ|) that 


(37) 


(38) 


lim = 0. (39) 

\Ve\ 

We let R > 0. We let x £ B r( 0) such that y e + (3 e x £ 11. It follows from the 
definition m of y e that 

\y e + f3 e x\ — \u e (y e +/3 e x)| < \y e \~ \u e (y e )\, 

and then 


( \u e (y e +/? e x)|\ 1 / 1 \ 

V MiaOI J “ V1 — t vjRJ 

for all e > 0 and all x £ -Br(O) such that y e + /? e x £ 11. With (Bil . we get that 
there exists e(R) > 0 such that 

\u e (y e +P e x)\ < 2\u e (y e )\ 

for all x £ -Br(O) such that y e + (3 e x £ 11 and all 0 < e < e(R). It then follows from 
Lemma O that y e = 0(4) when e —> 0. A contradiction with (13811 . This proves 
(l3hll . □ 

As a remark, it follows from (Ef), 1111 ) . 13611 and standard elliptic theory that 

limu e = u 0 in Cf oc (fi\{0}). (40) 

e—>0 

We let p G N*. We consider the following assertions: 

(Cl) 0 <C /Tg ? l ... f-le,p 
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(C2) 

lim a e B = 0 and lim = +oo for all i = 1...» — 1 

e->o e >0 


(C3) For all i = 1 ...p, there exists Ui £ Hf 0 (M. r f) (~1 C 1 (R") \ {0} such that 

in P'(ir), f (Vm.,1 2 dx > 




and 


lim u e i = Ui 

e —>0 ’ 

in Ct oc (W\{0}), where 

re —2 

w e ,i(X) := £t e 2 u e ((p(k tii x)) 

1 _ Pe 

for all x £ jp- ft {xi < 0 } and k e p := p t i 2 * -2 . 

(C4) For any i £ {1, ...,p}, there exists cti £ (0,1] such that 

lim /A = a*. 

e^O e ’ 

We say that Tt p holds if there exists p families of points (/r £i i) e >o, i = 1, ...,p such 
that (/i £ ,i)e>o is as in Q3 and points (Cl), (C2) (C3) and (C4) hold. Note that it 
follows from Step 04 that TL\ holds with the improvement that the convergence in 
(C3) holds in C'l oc (W). 

Step 05: We prove the following proposition: 

Proposition 3.2. Let fl be a smooth bounded domain of R", n > 3, such that 
0 £ dfl. We let (u e ), ( a e ) and (p e ) such that {E e ), 0 ). 0 ) and EH hold. Let 
p > 1. We assume that TL P holds. Then either 

re —2 i Pe 

lim lim sup |cc| 3 |re e (£c) — zio(a ; )| ~~ 2 *~ 2 =0 

fl^+oo e—>0 | x |>fl fce p 

or Hp+i holds. 

Proof of Pronosition \d.‘JA We assume that 

lim lim sup jxl^ - \u e (x) — Mo(x )| 1_2 *- 2 ^ 0 . 

fl^+oo e^O 1^1 > Rke p 

It then follows that there exists a family (y e )e >o £ O such that 

lim = +oo and lim \y e \^~\u e (y e ) - u 0 (j/e)| 1- ' 2 ^ = a > 0. (41) 

e —>0 K ep e —>0 

We claim that lim e ^oZ/e = 0- Otherwise, it follows from 03 that lim e ^o \u e (y e ) — 
uo(y e )\ = 0. A contradiction. 

Since uq £ C°(fl) and lim e ^o Ve = 0, we get that 

lim \y e \^\u e (y e )f^^ = a > 0 . 

e—>0 

In particular, linp^o |u e (j/ e )| = +oo. We let 


( 42 ) 
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2 1 — 

H^p +1 := \u e (y e )\~— and fc £ , p+ i := n tp + f 2 . 

As a consequence, lim £ ^o /t £jP +i = 0. We define 

n — 2 

Ue,p+i{x) := n £ * +1 u e (ip(k et p +1 x)) 
for all x £ ~k ~- n { x i < 0}. It follows from lB?)l) that 

|(p(/c £iP+ ix)|^ _ |u £ (< / 9(fc e , p+ ia;))| 1_5# ^ < C 

for all x £ k ~;7 H {^l < 0}. With the definition of u £ , p +i and the properties ITT^l) 
of ip, we get that there exists C > 0 such that 

M“|u £iP+ i(x)| 1 ^ 1 ^ < C 

for all x £ k u +i fl {xi < 0}. It then follows that hypothesis (L2) of Lemma f2. 21 
is satisfied. It then follows from Lemma l2~2l that there exists u p+ 1 £ fl 

C 1 (K") such that 


and 


Au p+ i = 


|u P +i| : 


^p +1 


in V'QST ), 


limu £ , p+ i = u e , p+ i (43) 

in C' z ] oc (M.H \ {0}). It follows from (E21l and the definition of &e,p+i tlicit 

r l&l ^ n 

iim --= a > 0. 

e—^0 /c £jP _|_i 

We let y e £ {xi < 0} such that y e = <£>(fc £ , P +iy £ ). It then exists yo £ K” such that 
lim £ ^o2/e = yo 7^ 0- It then follows from 01 that 


\u P +i(yo)\ = lim |u £ , P +i(y £ )| = 1, 

e—>0 

and then ii p +i ^ 0. With arguments similar to the ones developed in the proof of 
Lemma im we then get that 


/ | V iip+i\ 2 dx> y s (R™) 

J R" 

and there exists a p _|_i £ (0,1] such that lim £ ^o M?, P +i = a p+ i- Moreover, it follows 
from 01, OD and the definition of y e , P +i that 

lim ^ e,p+1 = -i-oo an d li m n e +1 = 0. 

£—►0 fl ep e—>o 

As easily checked, the families {y e ,i)e>o, i € {1, ■■•,P+ 1} satisfy 7-f p+ i. □ 

Step |3|6: Next proposition is the equivalent of Proposition 13.21 at smaller scales. 
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Proposition 3.3. Let LI be a smooth bounded domain of R”, n > 3, such that 
0 £ dfl. We let ( u e ), ( a e ) and (p e ) such that ( E e ), 0). 0) and m hold. Let 
p> 1. We assume that 7 i. p holds. Then either for any i £ {1, ...,p— 1} and for any 
5 > 0 


lim lim 

#—►+oo e—►() 


sup 


M X ) - Te,i+1 Ui+1 


V 1 { x ) 

ke,i +1 




= 0 


x&B skei+1 (0)\ B Kfc €|i (o) 

or Llp+i holds. 

Proof of Prooosition AS.di We assume that there exist i < p — 1, <5 > 0 such that 


lim lim 

#—►+00 e —>0 


sup 

x£Bs k €ji+1 (0)\-Bflfe €<i (o) 


led" 2 ' 


t \ (V 1 { X ) 

Ue(X) ~ Te,i+1 u i+ 1 


he.i 


+ 1 


1 -T 


> 0 . 


It then follows that there exists a family (y e )e> o £ LI such that 


lim 


12/e 


(44) 


lim | y e 
c—►O 


_ n — 2 

MVe) - M e .i+1 W J+ 1 


Z' V +) 


^€, 2+1 


= a > 0 . 


(45) 


We let y e £ R” such that y e = tp(k e y + iy e ). It follows from iTHll that |y e | < 26 for 
all e > 0. We claim that lim e ^ 0 Ve = 0. Indeed, we rewrite 03 as 


lim \y e \ 2 |u £ i+ i(y e ) - u l+ i(i/ e )| 1 = a > 0 . 

€—►O 

A contradiction with point (C3) of Tip in case y e + 0 when e —> 0. Since Ui+i £ 
C°(R"), we then get that 


12/e 


M e ,<+1 M *+l ( “I- 

\ 1 


1 - 


^ / |y, 

= o' |y 


v e,i +1 


= 0 ( 1 ) 


when e —> 0. We rewrite as 


lim \y e \ 2 |u e (y e )| 1 = a > 0. 

€—►0 


(46) 


We let 


u t := |u e (y e )| ”- 2 and 4 := i 2 , 


1-7 


We define 


n — 2 

u e (ir) := i/ e 2 u e (ip(£ e x)) 

for all x £ -p fl {xi < 0}. It follows from that 

\ip(e e x)\ — \u e (tp(£ e x))\ 1 ~^ t ^ < c 

for all ir £ j- D {x\ < 0}. With the definition of u e and the properties (tT3l) of ip, 
we get that there exists C > 0 such that 
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|x| i ^|u e (a;)| 1 ^ <C 

for all a: £ j- D {x\ < 0}. It then follows that hypothesis (L2) of Lemma [2.21 is 
satisfied. It then follows from Lemma f 2 . 21 that there exists u £ Hf 0 (R") LI C 1 (K") 
such that 


and 


A u = 



in X>'(R”), 


lim u e = u 

e—>0 


in C^ oc (]R" \ {0}). It follows from 1401) and the definition of that 


(47) 


lim M = « > 0 . 
e—»0 i t 

We let y e £ {xi < 0} such that y e = ip(£ e y t ). It then exists yo £ R” such that 
lim e ^o y e = yo ^ 0. It follows from <E3 and the definition of u e and y e that 


\u(Vo)\ = lim \Ue(Ve)\ = 1, 

e —*0 

and then u ^ 0. With arguments similar to the ones developed in the proof of 
Lemma rm we then get that 


\Vu\ 2 dx > 


and there exists a £ (0,1] such that lim e ^o Moreover, it follows from (1461) . 

m and the definition of v e that 


lim —— = +oo and lim ^ f ’ t+1 = -poo. 

e—>0 p ei e—>0 l/ e 

As easily checked, the families (p et (p-e,i), {v e ), (he,i+ (/^ e ,Ar) e >o satisfy 
'H.p+i■ n 

Step |3| 7: This last Step is the proof of Proposition 13,11 

Proposition 3.4. Let Q be a smooth bounded domain of R™, n > 3, such that 
0 £ dtt. We let (uf), (a e ) and ( p e ) such that ( E e ), (%]). 0) and eh hold. We let 
N 0 = m.a,x{p/ Tip holds}. Then N 0 < +oo and the conclusion of Proposition [Ol 
holds with N = N 0 . 

Proof of Proposition H21 Indeed, assume that Ti p holds. Let <5, R > 0. Since 
he,i = o(p.e,i+i) for all i £ {1,..., N — 1}, we then get with a change of variable and 
the definition of u e ,i (see (C3)) that 
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N 


|Vit e | 2 da; > ^ 


> 


|Vu e | 2 dx 

Jif>(B Rke i (0)\B ske i ( 0 )) 

N 


2=1 

N 


L 


l V ^,z|g £i dv 9e,i 

Br(0)\B$(0) 


> E 


— 1 J B r (0)\Bs(0) 


\VUe,i\ 2 g ez dv 9 


where g e ,i is the metric such that (g e ,i)qr = (d q <p(k e: ix), d r (p(k Ct ix)) for all q,r G 
{1, ...,p}. Passing to the limit e —> 0 and using point (C3) of H p , we get that 


/ |Vn e | 2 dx > pAt s (R _) 2 *~ 2 + o(l) 

J n 

when e —> 0. With El, we get that there exists C > 0 such that 

p < A 2 ^ S (M”) _5 ^2. 

It then follows that JVo < +oo exists. 

We let families (/i e| i) £ >o,..., (/ie,A 0 )e>o such that 7YAr 0 holds. We argue by con¬ 
tradiction and assume that the conclusion of Proposition EH does not hold with 
N = No. Assertions (Al), (A2), (A3) (A4) and (A7) hold. Assume that (A5) or 
(A 6 ) does not hold. It then follows from Pronositions 13 . 21 and 13.31 1hat Hn+i holds. 
A contradiction with the choice of A = No, and the proposition is proved. □ 


4. Strong pointwise estimates, Part 1 

The objective of this section is the proof of the following strong pointwise esti¬ 
mate: 

Proposition 4.1. Let Q be a smooth bounded domain of n > 3. We let 
s G (0,2). We let (p e )e> o such that p e G [0,2* — 2) for all e > 0 and 01 holds. 
We consider (u e ) e >o G Hf g(Sl) such that 0, ( E e ) and 1 1(A) hold. We assume that 
blow-up occurs, that is 

lirn ||u e ||z,°°(n) = +oo. 

We let Me,i>..., /x 6) jv as in Proposition ro Then, there exists C > 0 such that 


N 


Ki\x\ 


e(x)\<cy 

h Ki +m 2 ) 


W + C\a 


for all e > 0 and all x G LI. 


(48) 


The proof of this estimate goes through seven steps. We let s G (0, 2). We let (p e )e>o 
such that p e G [0,2* — 2) for all e > 0 and (0 holds. We consider (u £ ) e >o G Hf 0 (Ll) 
that satisfies the hypothesis of Proposition !! . II We let Me, l, Me ,a as in Proposition 

EH 
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Step^Jl: We claim that for any v £ (0,1) and any R > 0, there exists C{v, R) > 0 
such that 


KOOI < c ( v , r ) ■ 


1 ) 

,N 


d(x, dfl) 


i-i/ 


■ \n(l — is) 


+ d(x, dfl) 


\-v 


(49) 


for all x £ Q \ BRk e<N (0) and all e > 0. 

Proof of the Claim: Since A is coercive on f l, we let G be the Green’s function for 
A in fl with Dirichlet boundary condition. We let 


H(x) = —d v G{x , 0) 

for all a; £ O \ {0}. Here v denotes the outward normal vector at dfl. It follows 
from Theorem 19.21 of the Appendix that H £ C 2 (ff \ {0}), that 

AH = 0 (50) 

in fl and that there exist <5i, C\ >0 such that 


d(x,dQ) ^ rr/ CrffadSl) 
Ci\x\ n “ w _ \x\ n 

\VH(x)\ 1 1 

H(x) ~ Cid(x, dft) ~ Ci\x\ 


(51) 

(52) 


for all x £ H n B 2 s 1 (0). 

Since A is coercive, we let Ai > 0 be the first eigenvalue of A on fi, and we let 
ip £ C 2 (fi) be the unique eigenfunction such that 


{ Aip = Ai ip in f! 

ip > 0 in fl 

ip = 0 on dfl 

f n iP 2 dx = l 

It follows from standard elliptic theory and Hopf’s maximum principle that there 
exists C 2 , S 2 >0 such that 


—d{x,dCl) < ip(x) < C' 2 d{x,dCt) and < \\/ip(x)\ < C 2 
C 2 G 2 

for all x £ fl B 2 s 2 (0). Consequently, there exists C 2 > 0 such that 

x, dfl) < ip(x) < C 2 d(x , dfl) and > 1 > 

C 2 ip(x) C 2 d{x,ail) C 2 \x\ 

for all x £ fl D B 2 g 2 (0). We let the operator 


(53) 


L e = A 


\2*-2-p e 


Step’ll. 1 : We claim that there exist So > 0 and Rq > 0 such that for any v £ (0,1) 
and any R > R 0 , S £ (0, So), we have that 


L e H 1 ~ L/ > 0, and L e ip 1 ~ u > 0 


(54) 













22 


N. GHOUSSOUB AND F. ROBERT 


for all x £ fl fl Bs(0) \ B^k eiN ( 0) and for all e > 0 sufficiently small. Indeed, with 

es> , we get that 




(x) 


a e (x) + i/(l 


JW| 2 , , 


I u e (x) 1 2 * 2 Pe 

M s 


for all x £ fl \ {0} and all e > 0. We let 0 < 5q < min{(5i, 62 } such that 


(55) 


2Sq su P q |a e | < 2 . m :i\ c £ C ‘ i} 


2 2 * + 1 (5g” 


S |NH 


-2 


1 /( 1 -!/) 
4-max 


(56) 


for all e > 0. This choice is possible thanks to JHJ)- It follows from point (A5) of 
Proposition ld.il that there exists Rq > 0 such that for any R > Rq 7 we have that 


\x\ 2 \u e (x) — u 0 (x)| 


1 -, 


-2 < 


41 -^) V 


v 2 2 * +1 max{C 2 , Cf } J 

for all x £ fl \ Bjik e , N (0) and all e > 0. We then get that 


\x\ 2 - s \u e (x)f- 2 ~ p ‘ < 2 2 *~~ 1 ~ Pe \x\ 2 ~ s \u e (x) — uo(x)\ 2 * ~ 2 ~ Pc 

+ 2 2 *~ 1 ~ Pe |s| 2 _s |u 0 (a;)| 2 * _2_Pe 


4 • max{ C 2 , C|} 

+ 2 2 *- i - p ^ 2 - s n« 0 iir4T 

for all x £ f2 \ Buk c , N (0) and all e > 0. We get with the choice (Infill of <5o that for 
any 5 £ ( 0 , Sq) and all R > Rq 


\x\ 2 - s \u t (x)f- 2 - p ‘ < 

< 


v ) _, r,2*-l c2-s 

4 • max{C 2 , Cf} 0 

^ - v) 

2 • max{C 2 , C 2 } 


2 * —2 
l°°( n) 


for all x £ (. 6 , 5 ( 0 ) \ Bjik e N (0)) fl fl and all e > 0 small enough. With iTr^ll and 1561) . 
we get that 


L e H 1 ~ v , . v(l-u) . . v(l-v) 

H 1 -" (X) - C 2 |x| 2 2C 2 |cr| 2 

i/(l - v) - 2C l2 |x[ 2 |a e (a;)| 

2C' 1 2 |af 


for all x £ ( 65 ( 0 ) \ 6flfc eiJV (0)) fl fl and all e > 0 small enough. We deal with the 
second inequality of 15411 . We have that 


L^~ v 

ipl-v 


{x) = a £ (x) + (1 


- u )Ai + i/(l 


jwf , x 

0 —w 


e(s)l 


2*-2-p e 
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for all x £ f2. With 1 5:111 and m we get that 

v{l-v)-2C%\a e (x)\5' 2 + 2(l-v)\ 1 \x\ 2 Cl 

~^ (X) - - 2CiW - 5 0 

for all x £ (Bs( 0) \ B R k eN (0)) D II and all e > 0. This proves the last inequality of 

(E 2 J. 

Step^l.2: It follows from point (A4) of Proposition ld.ll that there exists C\ ( R ) > 0 
such that 


\u e (x)\ < Ci(R)n t ^d(x,dfl) (57) 

for all x £ ft dB Rke N (0) and all e > 0. It follows from point (Al) of Proposition 
ED that there exists C 2 (S) > 0 such that 


|u e (x)| < C 2 {d)d{x, dSY) (58) 

for all x £ Vl fl dB$( 0) and all e > 0. We let 

D e ,R,s ■= (B§ ( 0 ) \ 73Rfc, iJV ( 0 )) 0 f 2 . 


We let 

and 


a e := 2 C 1 (R)Cl- v R n - {n - 1),, a 

& := 26 v C 2 (5)C$ 


iu — (n — l)u n , 

- 2^2 — - 5 ~v{n-l) 

N t 1 e,N 

1-v 


and 

<Pe(x) = a e H 1 ~ v (x) + (3 e ip 1 ~ , '(x) 

for all x £ D e ^,s and all e > 0. Here, a at is as in point (A7) of Proposition Id. II 
We claim that 

\u e (x)\ < ip e (x) (59) 

for all e > 0 and all x £ dD e ^,6- Indeed, with inequalities (TTT1) and 1571) . we get 
that for any i£SlD dB R k e N ( 0), 


when e — 
m that 


= (s)| 


a e 37(x) 1_ 


< 


Pin 11 n d(x,dny\ x \ 


2Rn-{n-l)u aN 2»-2 


-< 


de N ' 


2* -2 Be 


2 a 


n — (n — l)v — 
2 * -2 


< 1 


N 


0 with point (A7) of Proposition 18.11 Similarly, we have with 15811 and 


Ms) I < d(x,eny 

/3 e ijj(x) 1 ~ l/ ~ 2d v 

for all x £ fl ft <913,5(0) and all e > 0. On dfl 0 (73^(0) \ B Rke N (0)), we clearly have 
Mx) > |u e (x)| = 0. As easily checked, these assertions prove 

Step^l.3: We claim that L e verifies the following comparison maximum: if <p £ 
C 2 (D e , R: 6) O C 0 {D CtR:5 ), then 


f L e ip > 0 in D €t R t s 
\ p > 0 on dD^R,s 


> 0 in D^ R j. 


Indeed, we let U ,0 be an open subset of R” such that SI CC Uo- Since the operator 
A is coercive in Uq (with boundary Dirichlet condition), we let G £ C 2 (Uo x Uq \ 
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{(x,x)/x £ Uq}) be the Green’s function for A with Dirichlet condition in Uq. In 
other words, G satisfies 


A G(x, •) = 8 X 


weakly in T>(Uo). For the existence, we refer to Theorem 19.11 of Appendix B. 
Moreover, since 0 £ Uq is in the interior of the domain, there exists <5o > 0 and 
Cq > 0 such that 


1 

CoM "- 2 


< G( 0 , x) < 


Co 

\x\ n ~ 2 


|VG(0, x)\ > Cq 
G( 0 , x) ~ ]x| 


for all e > 0 and all x £ .B 2 ( | o (0) \ {0}- The proof of these estimates goes as in the 
proof of points (G9) and (G10) of Theorem 19.21 We refer to [13] for the details. 
With the same techniques as in Step Ell. 1, we get that for R > 0 large enough and 
S > 0 small enough, then 


G l ~ v > 0 and L e G 1 ~ v > 0 

in for all e > 0. It then follows from 3] that verifies the above mentioned 

comparison principle. 

Step^l-4: It follows from m and that 


L e ip e > 0 = L e u e 

in D eMtS 

ip e > 0 = u e 

on dD e ^s 

LePe > 0 = — L e u e 

in 

p e > 0 = — u e 

on 


It follows from the above comparison principle that 

K(a;)| < 

for all x £ With EH we then get that © holds on = (B&( 0 ) \ 

BRk e n (0)) fl Q for R large and S small. It follows from this last assertion, (15111 and 
points (Al) and (A4) of Proposition ITII that iTI^l) holds on fl \ B Rfc e N (0) for all 
R> 0. □ 

StepEl 2 : Let i £ {1,..., N— 1}. We claim that for any v £ (0,1) and any R, p > 0, 
there exists C(iq R, p) > 0 such that 


|we(aO| < C(is, R,p) 


A* 




d{x, sn ) 1 


\ x \n(l-v) 


Ri+i^Ax.dfl) 1 - 


(60) 


for all x £ Bnk e , i+1 ( 0 ) \ B p k e i ( 0 ) and all e > 0 . 

Proof of the Claim: We let i £ { 1 ,..., N — 1}. We follow the lines of the proof of 
Step El 1 - We let H and ip as in Step El 1 - Recall that we then get that there exists 
5 1 > 0 and G\ > 0 such that 


d(x, dfl) 


< H(x) < 


Cid(x, dfl) 
\x\ n 


cM n 


(61) 
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and 


|Vff(s)l > 1 > 1 

H(x) ~ Cui(x,dn) ~ C\\x\ 

for all x G i? 25 i (0) \ {0}. Moreover there exists C 2 , 82 > 0 such that ip verifies 


(62) 


-prd(x, dfi) < ip(x) < C 2 d(x , dfl) and \ (63) 

C 2 ip(x) C 2 \X\ 

for all x G fl D B28 2 {0). We let the operator 


L e 



Step\^2.1 : We claim that there exist po > 0 and Ro > 0 such that for any v G (0,1) 
and any R > Rq, p G (0, po), we have that 


L e H 1 ~ v > 0 and L e ip 1 ~ v > 0 (64) 

for all x G fl (B p k e i+1 (0) \ B Rfc 6|i (0)) and for all e > 0 sufficiently small. Indeed, 
as in Step0]l, we get that 


L e H 


1-v 


— {x) = a t {x) + v(l - v) 




{x) - 


M®) I 


2*-2 ~p e 


H l-V V ' V 1 H 2 \x\ 

for all x G fl \ {0} and all e > 0. We let 0 < p 0 < 1 such that 


)2*+l„2-s 


\u i+1 \v L -( B . 


< 


'(l-v) 


(65) 


( 66 ) 


max{C 2 , Cf } 

for all e > 0. It follows from point (A6) of Prooosition ld.ll that there exists Ro > 0 
such that for any R > R 0 


, x ^ - ( V X (s) 

Ms) - p.4+lUi+l - - 

\ M+l 


< 


,(l-u) 


2 2 * +1 max{C 2 , C 2 } 
for all x G fl D (B kc i+1 (0) \ i?flfc M (0)) and all e > 0. We then get that 
\x\ 2 ~ s \u e (x)\ 2 * ~ 2 ~ Pe 


< 2 2 *~ 1 ~ Pc IjcI 


2—8 


_|_22*-l-p e |^,|2—s 


< 2" Pe 


®l A* e ,<+i 

M ~ v) 

4 ■ ma x{Cf, C f } 


Ms) - M+1M1 

2 ^( 2 *-2).(l-5#^ 


^ - /V (s) 


ke.i 


,i +1 


2* 2 pe 


5 * _5 ' sup |u i+ l| 2 2 Pe 

B 2 ( 0 )nR” 

2 —S 


+ 2 2 


s 




+ 1 


IIMill 


2 2 p e 
L°°(B 2 (0)nR™) 


for all a; G fl fl (Sfc 6 i+1 (0) \ Bja ei (0)) and all e > 0. We then get with the choice 
jHlIt of po that for any p G (0, p 0 ) and all R > Ro 


E (s)| 2 


'(1 - ^) 


< 


4 • max{C 2 , C 2 } 

M - ^) 

2 • max{C 2 , C 2 } 


+2 2 -vriMi 


12*-2 

lL°°(B2(0)nR") 


o(l) 
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for all x £ (B p k C ' i+1 (0) \ B Rkei (0)) D fl and all e > 0 small enough. Since © holds, 
we get with that 

L * Hl ~ V ( X ) > U(1 - V) | q ( X ) ^ (1 ~ ^ 

m- 1 J - C 2 \x\ 2 ] 2C\\x\ 2 

^ v{\ - v) + 2\x\ 2 Cla t (x) ^ n 

2C 2 \x\ 2 

for all x £ fl fl (B p k e i+1 (0) \ B Rke p( 0)) and all e > 0 small enough. The proof of 
the second inequality of (Ifi-H) goes similarly (see StepEJl for details). This proves 

m - 

Step^2.2: It follows from point (A4) of Proposition Em that there exists Ci(R) > 0 
and C 2 (p) such that 


\u e (x)\ < Ci(R)p e 2 d(x,dfl) for all x £ fl fl dB Rke (0) 

K(x)| < C 2 (p)p,~ 2 +1 d(x, dfl) for all x £ fl D dB pkei+1 (0). 

We let 

B>e,R,P := (Bpk € i+ 1 (0) \ B Rke i (0)) fl fl. 

We let 

a e := 2 C 1 {R)Cl~"R n - v ( n -Va; IL ^^p,f i 7 Hn - 1) 

and 

/3 e := 2C 2 {p)Cl-"p"*:£=- 2 p L -J + r, 

and 

<fie{x) := a e H 1 ~ u (x) + f3 t ip 1 ~ 1 '(x) 

for all x £ D e R s and all e > 0. Here, the a*’s are as in Point (A7) of Proposition 
Id.II Similarly to what was done in Step 0)1, we then get that 

\u e {x)\ < ‘Pe(x) (67) 

for all e > 0 and all x £ dD e R p . The operator L e verifies the comparison principle 
on D e R p as in Step© 1.3. It then follows that 


\Ue(x)\ < ip e (x) 

for all x £ D e ji p. With ED, we then get that (®) holds on D e jt p for R large and 
p small. It follows from this last assertion and point (A4) of Proposition Id. II that 
(lOOl) holds on (B pkei+1 (0) \ B Rkei (0)) fl fl for all R, p > 0. □ 

Stepl4l3: As easily checked, it follows from lEE51l . H© and Proposition Id. II that for 
any v £ (0,1), there exists C v > 0 such that 


l«e(*)| <C„Y. + CM 1 '" 


i=1 (Ve,i + kl 2 ) 


K 1 -*0 


( 68 ) 


for all x £ fl and all e > 0. Note that we have used that d{x,dfl) < \x — 0| = |x| 
for all x £ fl. We let G be the Green’s function of A on fl with Dirichlet boundary 
condition. It follows from Green’s representation formula and G© that 
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K0)| = 


f m \ f\ u t(y)\ r 2 Peu e{y) , ^ ( \ \ j 

I^G{x,y) I - — - a e (y)u e (y) ) dy 


£ c I a G ^i!^w^ +i)dy 


2*-l -Pe 


< 


r f /' G(^) ( 

\y\ s + 

+a J G(x, y) (|+ l) dy 


Step@j4: We claim that there exists C > 0 such that 

[ G(x,y)( | y |( 1 -')( 2 *- 1 -p.)- + i) dy<C|a 

«/ 


dy 


(69) 


(70) 


(71) 


Proo/ of the Claim: Indeed, we let ip e £ Hf 0 (iY) (1 < p < j) such that 


Ai/> t = + i in V\n). 

Here, iff 0 (II) denote the completion of for the norm || • || := ||V • || p . Since 

s £ (0,2), it follows from standard elliptic theory that for v > 0 small, ip e £ C 1 )!!) 
and that there exists C > 0 such that 

IlkllcHQ) — G. 

Since ip e (0) = 0, we get that 

(k(z)l < C\x\ 

for all x £ SI. Moreover, since s £ (0,2), we get with Green’s representation formula 
that 

kk = G(x, y) (\y\C-C(r-i- P ,)-s + {j dy 

for all x £ SI and all e > 0. Inequation EJ then follows. □ 

Step 31 5: We let i £ {1,..., TV}. We claim that there exists C > 0 such that 


f G(x, y) ( 4~ (n ~ lV \y\ 1 ^ \ 

^ i y i s VKi + ii/i 2 ) 5 ^; 
< c 

(k,i + kl 2 ) 5 


(72) 


for all a; £ fl such that |x| > /x e ,i- 
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Proof of the Claim: Indeed, with point (G6) of Theorem lfl.1 I on the Green’s function, 
we get that 


G(x, y ) [ uli {n 1), '\y\ 1 ~ 


2*-l-p e 


« |y|s \{nli + \yV)^~ v) 
\y\ 


dy 


< C 


%-(n- l)i/| n_,, 

fj-li \y\ 


2 * — 1 —PfL 


Jn\x-y\ n \(y 2 e i + \y\ 2 )^ (1 ^ v) 

< Il,e( x ) +hA x )- 


dy 


Here, 


IiA x ) ■= C f 

J a 


\y\ 




2* — 1 - P e 


(x) \ x ~y\ n %l s l (yli + \y\ 2 ) w ~ v) 


dy 


where 


fix (a;) =lin {|x — y\ > |aj|/2} and n 2 (x) =fin {|x — y\ < |x|/2}. 


We compute these two integrals separately. We let R > 0 such that H C Hr( 0). 
We have that 


hA x ) ^ c \ x \ l n [ \y\ 

J Br,(0) 


2 _L U,|2 N l?( 1 -G 


2* —1—p e 


Br(0) \ + M 2 ) 


dy 


|1 -V 


< C\x\^„%( M 1 " 8 [ | y L(i-,) 

dB_s_(o) \( 1 + lyl ) 


2* —1—Pe 


dy 


< C"|x| 1 -> e 2 ii (73) 

since s £ (0, 2) and up to taking v > 0 small enough. Note that we have used here 
point (A7) of Proposition mi 

We deal with the second integral. Note that when \x — y\ < |x|/2, we have that 

2 ~ ,y| ~ 2 

Taking i/ > 0 small enough, we then get that 


hA x ) ^ G|x 


1—S I 






/{|x-y|<|x|/2} 


k-yl^dy 


2 " 1_p “ 


< c 'i^i 1 - n ^• i*r +1 ~x*[ ■’ l |8| „ (1 -,) 

< C'\x 

since |x| > /z e ,i- Plugging together foil) and 11711) . we get that 


( 74 ) 
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G(x,y) I ^ 


2*-i ~Pe 


dy < CM 1 n y 


1—n ,, 2 
e.i 


,a |y|s \{tf,i + \y l 2 ) f(1 '" } 

Since \x\ > /x e y, we get d- □ 

Step 0J6: We let i £ {1, Nj. We claim that there exists C > 0 such that 


G(x,y) I Uli ( } ll/l 1 


2*-l -p. 


« |2/|S \ (Me,j + |y| 2 ) 




dy 


< C 


(75) 


(/4 + H 2 ) T 

for all x £ fl such that |i| < fi e ^. 

Proof of the Claim: Indeed, let p £ (1 ,n/s). We let p e j r £ Hf 0 (H) such that 

2* — 1— p € 

in 2/(0). (76) 


A = ^4 ‘ ^ 


,i_ 


1X10 ' > 2 i + M 2 ) f(1_I ' 

We let : U —> E defined in (THU) with y 0 = 0. We let 

n — 2 

<p e ,i(a;) = ° 

for all x £ -jd— (~l K". We let R > 0 such that O C -Br(O). It follows from Green’s 
representation formula and the estimate (G5) on the Green’s function that for any 
x £ AL n R" , we have that 

Me,* 

f G((p(fj, €i ix),y) I Uli ^ 


\PeA x )\ < P 


< Cp; 


M s 


( m 2 z + \y \ 2 ) 


r(i-G 




dy 


2* — 1- P e 


In \p{ye,ix) - y\ n 2 \y\ s l ^2 . + ^2) 


2 \ 


dy 


C 


i (0) 


VCe,iX) 


y 


\y\ s 


\y\ 


1-1/ \ 2*-l-p, 


(1 + M 2 )* 


2'if (i-G 


dy. 


Since s £ (0, 2) and with the properties (TT31) of <p, we get that there exists C > 0 
such that 

|&,i(*)l < C (77) 

for all x £ B 3 (0) flK" and all e > 0. We let the metric (g e )ki = (dkP, dip)(p e yx) 
for k, l = 1, n. Equation m rewrites as 


— c i,e 


0 e ,i(x)( 1 - v X 2 *- 1 -*J- a 

(l + 0 e , i (x) 2 )$ (1 - v)l2 *- 1 - p ‘ 


in D'(B 3 (0)nr), 
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where Cj ]£ £ R. for all e > 0 and lim £ ^o Ci, £ = c, > 0. 


Pe,i(x) 


\^e,i 


for all x £ B 3 ( 0 ) D R”. In particular, there exists C > 0 such that 


^7 < Pe,i( X ) < 

for all x £ - 63 ( 0 ) fit!. Since (1771 holds, s £ (0,2) and </5 £ii e 0 on {aq = 0}, it 
follows from standard elliptic theory and the equation satisfies by (3 £i j that there 
exists C > 0 such that 

II II c 1 (s 2 (o)n®!T) — ^ 

for all e > 0. Since <^ £ y(0) = 0, we get that 

\<p\{x)\ < C\x\ 


for all x £ B 2 (ff) Hi" and all e > 0. Coming back to the definition of <^ £>i , we then 
get that there exists C > 0 such that 


We,i{x)\ < C 


(vli + \x\ 2 Y 


for all x £ Cl B^ e i { 0). Inequality lt75l) then follows from Green’s representation 
formula. □ 


Step 07: Plugging together fTTl) . lT771) and into m. we get that 


N 


e(x)\<Cj2 


Ki\x l 


»= 1 (Yl,i + M 2 )’ 

for all x £ n and all e > 0. This proves 14811 . 


■C\x\ 


□ 


5. Strong pointwise estimates, Part 2 

This section is devoted to a refinement and a derivation of Proposition rm 

Proposition 5.1. Let ft be a smooth bounded domain of R n , n > 3. We let 
s £ (0,2). We let (p £ ) £ >0 such that p e £ [0,2* — 2) for all e > 0 and 01 holds. 
We consider (it £ ) £> 0 £ Hf 0 (fl) such that 0, (E e ) and \1(A ) hold. We assume that 
blow-up occurs, that is 


lim IKIUocqo) = +00. 


e —>0 


We let /i e ,i, • • • 5 fJje,N as in Proposition rn\ Then, there exists C > 0 such that 


N 


E (z)i < c^2 


Ki\x | 


+ M 2 ) 

N 


|5 


|Vn £ (x)| 


M, 


e,2 


(/4,. + l*l 2 )’ 


c 


(78) 

(79) 


for all e > 0 and all x £ fl. 
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Inequality itTsl) was proved in Proposition l4.ll We prove inequality (1791) . We let G 
be the Green’s function for the operator A on fl with Dirichlet boundary condiction. 
Derivating Green’s representation formula (ITTT71) that 

V« e (i) = V x G{x,y) - a £ (y)M £ (y)^ dy 

for all x £ fl and all e > 0. It then follows from 1751 that 


|Vu £ (*)| <CJ f | V x G(x,y)\ ( M ^ |s + 1 ) dy 


N 


<^E 


f 

\v*G(x,y)\ | 

( ylM \ 

Jn 

\y\ s 1 

y^h + \y\ 2 )V 


2*-l - Pe 


dy 


+C f \V x G(x, y)\ ■ {\y\ 2 '~ 1 ~ s ~ p ‘ + 1) dy 
Jn 


(80) 


for all x £ 9 and all e > 0. 

Step |3 1: We claim that there exists C > 0 such that 


J \VxG(x,y)\ ■ (\yf- l ~ s - p ‘ + 1 )dy<C (81) 

for all x £ fl and all e > 0. 

Proof of the Claim: Indeed, it follows from property (G7) of Theorem lO.ll that there 
exists C > 0 such that 


|V x G(:r, t/)| <C\x — y\ 1 ~ n (82) 

for all x,y £ such that x ^ y. Since s £ (0, 2), we then obtain that there exists 
C > 0 such that 


/ |V*G(z ) y)|-(|y| 2 *- 1 - > - p « + l) dy < C [ \x-y\ l ~ n - (lj/1 2 *" 1 —* + l) dy < C 

J Q J 

for all x £ fl and all e > 0. This proves 1811) . □ 


Step 02: We let i £ {1,TV }. We claim that there exists C > 0 such that 


f \V*G(x,y)\ ( hl\y\ X* 1 ^ d <c hi 

Jn \y\ s V0<; + M 2 ) f / ClJ ~ (m li + \ x \ 2 ) f 


(83) 


for all x £ such that |cc| < p £il and all e > 0. 

Proof of the Claim: We let 9 e := Note that with our assumption, we have that 

A 4 e,i 

\9 e \ < 1. We let R > 0 such that 9 C Br( 0). With 1551 . and a change of variables, 
we get that 
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f |V x G(ir, y)\ ( »li\y\ 

In \y\ s 


Xy>li + \y\ 2 )' 


2*-l ~ P e 


»Zi\v\ 


dy 


2*-l ~Pe 


<C \x — y\ 1 ~ n \y\~ s (-: 

■ Jbmo) u Wi+m 


dy 


<Cy e 


|2* — 1 — S—p e 


Ib^ { o) |0 e -s|"- 1 (l + |«| 2 ) ¥ 

Ve,i 


2^ 2 (2* 1 Pe 


■ dz 


Since s G (0, 2) and \0 e \ < 1, we get that there exists C > 0 such that 

2 * — 1 — p e 


f \V x G{x,y)\ ( ylM 

In M s 


dy < Gy ? 


We,i + \y\TJ 

Since |cc| < inequality (|83|) follows. 

Step [SJ3: We let i £ {1, N}. We claim that there exists C > 0 such that 


□ 


f \V x G(x,y)\ ( yjM 
In \y\ s 


2*-l -Pe 


We,i + \y\TJ 

for all x £ SI such that |ai| > /r £)i and all e > 0. 

Proof of the Claim: We split the integral in two parts: 


dy < C- 


(mL + M 2 ) 2 


(84) 


f | v x G(x, y )\ f yfM 
In \y\ s 


2*-l -p e 


where 


and 




(nli + \v\TJ 

I V x G(x,y)\ ( y%\y\ 


dy = I e ,i(x) + I e ,i{x) (85) 


2* —1—p e 


' Q e ,j (%) 


\y\ s 




dy 


i\i(x) = Sln<{|a;-y|>^-l and S\i(:r) = fin<|a:-y|<-|- 


Step\^3.1: We deal with J £) i(x). It follows from point (G8) of Theorem 19.11 that 
there exists C > 0 such that 


iv 7 ^, m / ^d(y,dCL) \y\ 

\\7 x G(x, y)\ < C- -tit < C- 


— y\ n \ x ~y\ n 

for all x,y £ SI, a : ^ y. We let R > 0 such that SI C Br( 0). With a change of 
variable, we get that 
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4 ,iW < C [ 
Jn 


\y\ 


VIM 


2*-l -Pe 


nn{|*- y |>M} \x-y\ n \y\° \ (^2 . + \ y \ 2 y 


< C\x\~" f \y\ 
Jbr(o) 


1 -s 


t*Zi\y\ 


B «(°) V0“m + M 2 )" 


< C\x\~ n ^. 


•|2 *-s-p e 


£ ’Vb^( 0) (l + |zP)f(2*-i-p 6 ) 

Ve,i 

Since |x| > and s £ (0, 2), we then get that 


2* — 1—Pe 


(fe. 




I e ,iW < C , |x|- n A* e a i < C'- 


(»li + \x I 2 ) 2 ’ 

Step \^3.2 : We deal with I e ^(x). As easily checked, we have that 

M < \y\ < 3N 

for all y £ fi £j 2 ( 0 ;). With (l%21l and 1871) . we get that 

2*-l ~Pe 




c / w 


dy 






2*—1—Pe 


< C|: 


|1 —S / 


.In—1 


f(2*-2-pe) 

< Cld-'VA , ^ 

— 1 1 T n(2*-l-p e )-(2*-l-p e )-ra-l+s 


Since |x| > /x e ,j and s € (0, 2), we then get that 


( 86 ) 


(87) 


h,2(x) < C\x\- n yl t < C' 


(yli + M 2 ) 2 


Plugging itHU) and lIHHli into 1851) . we get 1841) . 

Step 04: Plugging (ISTll . <1551 and (151) into 118011 . we get inequality (1791) . 


( 88 ) 

□ 


6. POHOZAEV IDENTITY AND PROOF OF COMPACTNESS 

This section is mainly devoted to the proof of the following proposition: 

Proposition 6.1. Let fl be a smooth bounded domain of R™, n > 3, such that 
0 £ dtt. We let (u e ), (a e ) and (p t ) such that ( E e ), J%|). 131 and ill A) hold. We 
assume that blow-up occurs, that is 


lim ||R e ||i~(n) = +00. 

e—►() 

Then we have that 
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lim- 

e ^0 Pe,N 


(n — s) IIo(x,x)\X7un\ 2 dx 
Jd R" 


(n-l) (rl -2) 

(n-2fa^=^- 


N 

E 


(»~2) 2 /• 

a- 2(2_s) / |V^| 2 ch 


when n > 3. /n this expression, IIq is the second fondamental form at 0 of the 
oriented boundary dll and dWf is the oriented tangent space of dll at 0. The 
sequences and families p e ,N > 0, on, in, i £ {l,...,iV} are as in Proposition lff.il 
In addition, if u e > 0 for all e > 0, we have that 


lim- 

Me,AT 


(n — s) / |cc| 2 1 V£tjv| 2 dx 

JdR n 


(n —l)(n —2) 

/ 0\2 2(2 — s) 

n[n — 2) a N K J 


N 

E c 


(n-2)± 

2(2 — s) 


i?(0) 


|Vfq| 2 dx 


/ R n 


w/ien n > 3. In this expression, H{ 0) ?s £/ie mean curvature at 0 of the oriented 
boundary dll. 


We prove the proposition in Steps Ell to 03. We prove Theorem P in Step 04. 

Step |6jl: We provide a Pohozaev-type identity for u e . It follows from Proposition 
18.II that u e £ C' 1 (S1) and that A u e £ L p (fl) for all p £ (1, j). We let 


W e := U D ip(B re ( 0)), where r £ = (89) 

In the sequel, we denote by is(x) the outward normal vector at x £ dW e of the 
oriented hypersurface dW e (oriented as the boundary of W f ) ■ Integrating by parts, 
we get that 


x l diUfAuf dx 


iw e 


x l diUed v Ue do + / dj {x l diU e )djU e dx 


ldW e 


iw e 


x l diUed v Ue do + / \Vu e \ 2 dx + / x l di 


I Vit e 


■ dx 


tdWe 


'We 


I W c 


(l-?)/ \VUe\ 2 dx+ [ ((x,u) 

V JWe JdW e \ 


|Vi 


— x 1 diUedvUf do 


U e d v Ue do + U e Au e dx 


■(‘-?) 

f f(a:,z2)IE^l- x l diUed v u^\ do. 

JdWe \ Z / 


Using the equation (E e ) in the RHS, we get that 


l diU f Aue dx = (1 — 


'We 


0 -?) 


u ^'~ Pc p f 2 , 

—i——— dx — a e u t dx 

JWe 


We F 
2 


j U e d v u e + (x,v) - X^diUed^U^j do. 


(90) 
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On the other hand, using the equation (E e ) satisfied by u e , we get that 


/ x l diU e Au e dx= / x l diU e 

I We JWe 

I 2* —Pe 


■ dx — / x l diU e a e u e dx 

JWe 


I ^,1 ~S‘ 


I We 


U f 


2* -Pe 


dx — / x l dju f a f u f dx 


I We 


/We V 2 — p e 


+ x l diU e a e u e ) dx 


(x,u) 


I 2 * ~Pe 


IdWe 


I We 


IdWe 


2* ~Pe 

M* 

n — s 

kl 2 *“ Pe 

’e \X\ S 

2 * ~Ve 

(x,v) 

1 

* 

(N 

J3. 

2 * ~Pe 

M s 


da 


dx + — f ( na e + x l dia t )u 2 t dx 

2 Jw, 


da — 


IdWe 


(x, v) 2 , 

——— a e u e da. 


(91) 


Plugging together (IfliHl and llflTl) , we get that 
'n — 2 n — s 1 r ~Pe 


2 *~Pe 
n — 2 


Ue. 

We \ x 


dx + i | a t 

We 


(x,Va e ) ] 2 


dx 


IdWe 


—X l diUed v Ue — 


Uedv'Ue + (x,u) 


|Vi 


(x,v) _ 

2 *~Pe \x[ 


I 2* ~Pe 


da + 


IdWe 




for all e > 0. Since 


dW e = [<p(B re (0)) fl 90] U [O fl ip(dB re (0))] 
and since u e = 0 on 90, we get that 


f l^l 2 * dx f lae 

2 • (2* — Pe) J v (B re (o))rn M s J v {B re { o))nn 


(x,Va e ) i 2 


(x, v)\\7u t \ 2 da 


u~ dx 
(92) 


j J ¥>(Br e (0))n9n 

r 

Qny>(dB re ( 0 )) 


|Vr 


2 -U t d u Ue + (X, v) - X 1 diU e d v Ue 


(x,u) 


I 2* —Pe 


( X , V) 


a f u 2 ) da. 


2 * — pe |a;| s 2 

It follows from ca and m that there exists C > 0 such that 


kkl < Cr e and |Vu e (x)| < C 
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for all x £ fl fl <p(dB re ( 0)) (recall that r e = We then get that 


/n n<p(dB re (o)) 
(x,v) | u 


n -2 |Vu £ | 2 , 

-—~— u t a v u e + (a;, ^)—--x diu t d„u e 


12 *-p 6 


(x,^) 


j da = 0(n* N ) = o(fi €tN ) (93) 


2 * — p e |x| s 2 

when e —* 0 since n > 3. With m and Proposition EH we get that 


f>(B rt ( 0 ))nfi 
N 


(x, Vo e ) l 2 


dx 


< C / u 2 dx 

Jip(Br e (0))nQ 


< Cy / 7—5 - dx + C |x | 2 dx 

i=1 .MB r 6 (o))nn + \x\ 2 ) n J v (B re (o))nn 


N 




dx 


■ dx + Cr^ +2 


/r» (1 + lxl 2 )- 1 

= o(//e,iv) (94) 

when e —> 0 since n > 3. Plugging © and © in ©, we get that 


(n - 2)p e 


12 * Pe 


■ dx = - 
2 


(x, ^)|Vm £ | 2 da + o(fj, e}N ) 


2 • (2* - p e ) J v (B re { o))nn kl” z J v (B re (o))nan 

when e —> 0 and n > 3. 

Step El 2 : We deal with the LHS of 19511 . We let <p as in <©. Since 

lim —— = +00 

He,N 

(see ®), with a change of variables, we get for any R > a > 0 that 


(95) 


I 2* —Pe 


■ dx = 


I 2* ~Pe 


■ dx 


v(B re ( o))nn Fl d v (B re (o)nR") Ft 

f |Ue O p(x)| 2 *~ Pe 

B,. e (0)nR" l < p( a: )| s 


| Jac <p(x)| dx 


I Me O <p(x)| 


2 * —Pe 


^Sfi fcel ( 0 )nR^ 1 ^ 0*01 

N-l 

E 


| Jac <p(x)| dx 
|We 0 < / 3 ( a; )| 2 *~ Pe 


(96) 


(B Rfce i+1 (0)\B afee i+1 (0))OR” |<p(x)| s 

+ f |We 0 p(x)| 2 *~ P ' 

J(B ake i+1 (0)\B Rke (0))nR!t |p(x)| s 


| Jac <p(x)| dx 
■ • | Jac <p(x)| dx 


|We O p(x)| 


2* —Pe 


(Br e (0)\B Rk „ (o))nR” 


|<p(x)| i 


|Jac <p(x)| dx 
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It follows from Proposition 111 . II that 


lim lim ( ^ ■\3ec V (x)\dx = a -^ 

R^+oo e^O J Bak ^ ^ojnRn 


Ml 


Ip(a)I 

and for any i £ {1 ,N — 1} that 


■ dx 


/R" 


(97) 


lim lim lim [ ^ Ue ° ■ |.Jac <p(x)\dx 

li^+oo O-.0 e^0 i( BlUei . +I (0)\B„ le]j+1 (0))nr l^wr 

12 * 


= a 


[ l^±ll dx. 


i +1 


Xl 


(98) 


It follows from the pointwise estimate that there exists C > 0 such that 

Mz)| < Cnl N \x\ 1 ~ n + C\x\ 

for all x £ fl. It then follows that there exists C > 0 independant of R > 1 such 
that 


K O ip(x) I 


2 *- P e 


ds re (o)\B fltelv (o))nr 
<C f 


Ip(z)I s 


f J- M + 

BrAO)\B RK N (0) V \ y \ n \ 


| Jac <p(x) | dx 

s 2* —Pe 

dy 


e,N 

< C f |y|2*-S-p, 

JB re ( 0 ) 

c 


dy + Cnl N / _ |y| 

jBr c (0)\B Rk N (0) 


-(n-l)(2*-p e )-s 




< 0 ? + 


J^(ra-l)(2*-p e )-n+s ' 

Since lim e ^o r e = 0, we get that 


lim lim/ |u ‘0*(*>r ^ • |Jacy(a;)|da; = 0. (99) 

R^+oo J (Bre (0 )\B Rke N (0))n®» \V{ X ) V 

We let i £ {1 ,N — 1}. Using the pointwise estimate itTHl) . we get that 


\ U e( X )\< C J^T+ C ^Jl 

for all x £ fl and all e > 0. With computations similar to the ones provided for the 
proof of itililll . we get that 


lim lim lim 

R— >-+oo oi— ►() e—>0 


|Me ° ip(x)\ 


2 * —Pe 


|p(z)l 6 


• |Jac tp(x)\ dx = 0. (100) 


1 {B akei+1 {o)\B Rkci (0))CR” 

Plugging together (|97 |i . ESI and m in ra . using point (A4) of Proposition 
rm we get that 
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U, 


12 *-p e 


N 


lim / 

e ^°Jcp(B re ( o))nn I s !' 


dx = [ ^-dx 

^ 1 \t. s 


i =1 
AT 


= E< 


(n- 2 )^ 
2(2 — s) 


|Vui| 2 dx (101) 


i=l 


Step [ 6 | 3: We deal with the RHS of 1951) . We have that 


/ (x,u)\Wu e \ 2 da = / (x,v)\S7u e \ 2 da 

JBr.to))ndn J<o(Bri , foDnan 


>tp(B r< , (o))nan 
N—2 

E 


v(Sr fc €|1 (o))nan 
(x, ^)|Vw e | 2 G?C7 


_i ^(b s * Ji(+1 (o)\s Bfceii (o))nan 

+ _ (x, v)\\7u e \ 2 da 

Jv>(B ak<s<N (o)\B RkeN _ 1 (o))nan 

+ / (x, ^)|Vu e | 2 da 

j JV (0)\B afceJV (o))nan 

+ / (x, ^)|Vu e | 2 der 

d ¥>(-B re (o )\B RkcN (o))nan 

Using the expression of <p (see 03), we get that 

, , \\ {l,-d 2 ipo(x),...,-d n ip 0 {x)) 

KKi)) =- 7 ^ 

Vl + L^^^oW) 2 

for all x € U D {a"i = 0}. With the expression of <p, we then get that 


( 102 ) 


(voif(x),ip{x)) = (1 + 0(l)|x| 2 ) • ( <po(x) - x l dnp 0 (x )) (103) 


»=2 


for all a: £ C/n{xi = 0}. In this expression, there exists C > 0 such that |0(1)| < C 
for all x £ U D {xi = 0}. Since <^o(0) = 0 and Vt/?o(0) = 0 (see (THfll ). we then get 
that there exists C > 0 such that 


|(<^(x), V o ip(x))\ < C\x\ 2 (104) 

for all x £ U D (xi = 0}. 

Step\Q3.1: We deal with the second term in the RHS of ( 111 ) 21 . We let i £ {1, N— 
2). It follows from the pointwise estimate (1701 that 

\Vu e (x)\<Cp%\x\- n + C ^/ +1 

for all x £ 9. With 11041 and cm we get that 


(105) 
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L 


(o))ndn 


(x, ^)|Vu e | 2 da 


< C 

d B 2 Rk ei+1 (0)\B Kfce . /2 (0)n{xi=0} 
< + C^e.i+l = o(n tjN ) 


L 



(106) 


when e —> 0 when n > 3. Here, we have used that i + 1 < N and point (A3) of 
Proposition l3.ll With the same type of arguments, we get that 

f {x,v)\\7u t \ 2 da = o(n t}N ) (107) 

d <p{B Rkel (o))nan 

when e -s- 0 as soon as N > 2. 

Step\^3.2: We deal with the third term of the RHS of (II 0211 . It follows from the 
pointwise estimate iznj that 


|Vu e (x)| < Cnl N _ x |x| n + C(j, e fi 


(108) 


for all x £ 12. With 11 041) and CEEI), we get that 

/ {x,v)\S7u ( \ 2 da 

dip(B ak<sN (o)\B RkeN _ 1 (o))nan 

<c [ _ I x\ 2 U N -i\x\~ 2n +v: n N ) dx 

dB 2 a k < , N (0)\B R fc e JV _ 1 / 2 (0)n{a:i=0} 

< C[J, e} N-l + Ca n+1 p, et N 

since n > 3 and where C > 0 is independant of a and e > 0. With point (A3) of 
Proposition l3.il we get that 

limlim/r^jv / (x,i/)\Vu e \ 2 da = 0. (109) 

a *o e *o ' Jtp(B akt .' N (o)\B Rke N _ 1 (o))nan 

Step 0 3.3: We deal with the fifth term of the RHS of I I 021) . It follows from the 
pointwise estimate that 


|Vit e (x)| < Cp* N \ X \~ n + C 
for all x £ 12. With II 041) and CUB, we get that 


( 110 ) 


L 


v>(B rc (o )\B RkeN (o))nan 


(x, ^)|Vu e | 2 da 


< C 

dB 2 r € {0)\B Rk ^ N / 2 (0)n{xi—0} 

< CR l ~ n p e , N + Cr™ +1 


L 


|x | 2 (Me.Jvl^r 2 " + C) dx 
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since n > 3 and where C > 0 is independant of R and e > 0. With the definition 
(EH of r e , we get that r™ +1 = o(/x £] at) when e —> 0. It then follows from point (A3) 
of Proposition that 

lim lim/r^jv / (x, ^)|Vii e | 2 da = 0 (111) 

R ^ +ooe ^0 < J^ Brei0) \B RkeNmn g n 

when n > 3. 

Step\f^3-4: We deal with the fourth term of the RHS of 11021) . Since y>o(0) = 0 and 
Vy>o(0) = 0, it follows from the definition 113ll of <p and 11 f)3ll that 

(<p(ke,Nx),v o ip(k e , N x)) 

= (1 + 0(k^ N \x\ 2 )) I <p 0 (k etN x) - KYX^MKnx) 

V *=2 

1 n 

= ~2 k *’ N 51 d i3 p 0 (ti)x l x° + 0e,R(x)kl N , (112) 

i,j =2 

for all e > 0 and all x £ .Bfl(0)n{xi = 0} and where lim £ ^o su P_B H (o)n{a;i=o} I^.rI = 
0 for any R > 0. With a change of variable, El and the definition of u^n (see 
Proposition 13.Ill , we have that 


Me, AT 


' <p(B R k e N (0)\Bcfe e .jv (0))fl9f2 
n —1 


(x, ^)|Vu e | 2 da 


:,N 


+o( 1) 


(B B (o)\s a (o))n{xi=o }, =2 


y, xV0»j^o(x)|Vu £l jv-|g 6 


when e —> 0. In this expression, (<7 e )ij = {dnp,dj(p){k^Nx) for all i,j = 2It 
follows from El and the definition of u e> N that there exists C > 0 such that 

|Vujv(x)| < —■ (113) 

1 + \x\ n 

for all x £ R" . With points (A4) and (A7) of Proposition l3.1l and inequality El- 
we get that 


lim lim lim u. ; r / 
R—>+oo a->0 €->0 ’ J 


n — l 
' 2 * -2 




Id R n 


<p(B RkeN (o)\B akeN (o))ndn, 

n 

x z x-'9y(po(x)|V'UAr| 2 dx 


(x, ^)|Vu e | 2 der 


(114) 


i,j=2 


when n > 3. Plugging IlDfiD . 11071) . 11001) . II111) and 11141) in 11021) . we get that 




f <p(B rfL (o))nsn 


(x, ^)|Vu e | 2 da 


n — l 
' 2 * -2 


*JV 


/ait 


y X*X-'9i ;) ^ 0 (x)|V'UAr| 2 dx 


- *, 4=2 


( 115 ) 
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We consider the second fondamental form associated to dfl, namely 


Hp{x,y ) = (dvpX, y) 

for all p £ <912 and all x, y £ T p d£l (recall that v is the outward normal vector at 
the hypersurface l). In the canonical basis of <9R™ = To<?f2, the matrix of the 
bilinear form IIq is — D^ipo, where D^ipo is the Hessian matrix of tp o at 0. With 
this remark, plugging m and (11151) into m, we get that 


n — s 


lim- — 

«-*0 ^ £jA r (n — 2) 


2 ' 01 N 


(n —l)(n —2) 
2(2 —s) 


//o(x, a;)|VuAr| 2 dx 


id R" 


N 

E 

i=l 


a. 


(n~2p 

' 2(2-s) 


(116) 


|Viii| 2 dx 


when n > 3. This proves the first part of Proposition l6.ll 

We prove the second part of the Proposition and assume that u e > 0 for all e. 
It follows that the limit function un is nonnegative, and then positive on R”. 
Moreover, we have that 


- l N 


A «iV = , ls 

l x l 

in R™ . It follows from 17811 that there exists C > 0 such that 

for all x £ R™. It then follows from Proposition ITTH1 of Appendix C that there 

m —1 


Since we have 


exists v £ C ,2 (R* xR) such that un{xi,x') = v(x±, |a/|) for all (xi,x') £ R* xl 
In particular, |Vujv|(0, x') is radially symmetrical wrt x' £ 
chosen a chart ip that is Euclidean at 0, we get that 

i 


/OR" 


II 0 {x,x)\Vu N \ 2 dx = 


x\ 2 \ Vuat| 2 dx 


0 ) 


/ 3R n 


|cc| 2 1 Vlijv| 2 dx. 


Note that we have used here that in the chart ip defined in o, the matrix of the 
first fundamental form at 0 is the identity. The second part of the Proposition then 
follows. 


Step[6j4: Proof of Theorem II.31 We let (u € ), (a £ ) and (p £ ) such that (E £ ), (0, 
© and m hold. Assume that 


lina ||u £ ||i«j(n) = +oo. (117) 

e—>0 

Then we can apply Proposition l().ll and 11 Hill holds. Since the principal curvatures 
of <90 at 0 are nonpositive, but do not all vanish, we have that IIq{x, x) < 0 for all 
x £ <9R", but IIq ^ 0. In particular, the RHS of 11161 is negative. A contradiction 
since p e > 0, and then the LHS of ifTTTill is nonnegative. Then ITT7I) does not hold, 
and there exists C > 0 such that |u £ (a;)| < C for all e > 0 and all x £ O. The first 
part of Theorem P then follows from Proposition ITil In the case u e > 0 for all 
e > 0, we apply the second part of Proposition 16.II to recover compactness as soon 
as H( 0) < 0, and the second part of Theorem II © is proved. 
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7. Proof of existence and multiplicity 


7.1. Proof of Theorem 1.1. For any subcritical p , i.e., 2 < p < 2*(s) we define 
the corresponding best constant 


/^s,p(A 1 ) •— inf 


| Vufdx; u £ H( 0 (f2) and / -r—nr dx = 1 f . 


(118) 


Because of the compactness of the embedding Hf 0 (fl) into F p (fi; |x| s dx), the 
infimum p, SyP (fl) is attained at a positive extremal v p satisfying 

" P_1 inX>'(ft) 


A u = 
u > 0 
u = 0 


1 * 1 ” 


in f 1 
on dfl. 


(119) 


Moreover, the family (v p ) is uniformly bounded in Hf 0 (H) when p —> 2*. Part 2 of 
the main compactness Theorem Q for positive sequences now yields a nontrivial 
limit v that is an extremal for /z s (f 1). 

7.2. Proof of Theorem 1.2. For each 2 < p < 2 *(s), consider the C 2 -functional 


1 


I p (u) = o / l Vu l dx - 


1 


u j 


PJn Ff 


dx 


on Hf 0 (Cl) whose critical points are the weak solutions of 

f A u = |M j ^ a u on Q 
y u = 0 on dfl. 

First note that for a fixed u £ lf 2 0 (S2), we have since 


( 120 ) 


( 121 ) 


A 


A p 


that limits— > 00 /(Au) = — oo, which means that for each finite dimensional subspace 
Ek C E := fF 2 0 (fl), there exists Rk > 0 such that 

sup {I p (u);u £ E k , ||u|| > Rk} < 0 ( 122 ) 

when p —► 2*. Let (Ek)'^L 1 be an increasing sequence of subspaces of Ff 2 0 (fl) such 
that dim Fife = k and U '^L 1 Ek = E := Hf 0 (f2) and define the min-max values: 

c P ,k = inf sup I p (h(x)), 

Hfc x£_Ek 

where 

Hfc = {h £ C{E,E)\ h is odd and h(v) = v for ||u|| > Rk for some Rk > 0}. 


Proposition 7.1. With the above notation and assuming n > 3, we have: 

(1) For each k £ N, c v k > 0 and lim c p k = C 2 * k '■= Cfe- 

P ^2* 

(2) If 2 < p < 2*, there exists for each k, functions u Pt k £ Hi 0 (Q) such that 
I p (, u p,k) 0 , and Ip(u p k) Cp k- 


p+l 2_ 

(3) For each 2 < p < 2*, we have c Pt k satisfy c Pi k > Dn^kp- 1 n where D n p > 0 
is such that lim p ^ 2 * D n p = 0. 

(4) lim Ck = lim C 2 *,fc = +oo. 

k —kx> k—>oo 





CONCENTRATION ESTIMATES FOR EMDEN-FOWLER EQUATIONS 


43 


Proof: (1) First note that in view of the Hardy-Sobolev inequality, we have 

I P {n) > ±||Vu||l - C||Vu||f = ||Vu||| ( \ - C||Vu||r 2 ) > a > 0 

provided ||u||ff2 0 (fj) = P for some p > 0 small enough. A standard intersection 
lemma gives that the sphere S p = {u £ E; ||u||#2 (jj) = p} must intersect every 
image h(Ek) by an odd continuous function h. It follows that 

c P ,k > inf {I p (u);u £ S p } > a > 0. 

In view of lfl22l) . it follows that for each h £ H*,, we have that 

sup I Pi (h(x)) = sup I p (h(x)) 

xeE k xGD k 

where Df. denotes the ball in Ek of radius Rk ■ Consider now a sequence pi —> 2* and 
note first that for each u £ E, we have that I Pi (u) —> I 2 * (u). Since h{Dk ) is compact 
and the family of functionals ( I p ) p is equicontinuous, it follows that sup I p (h(x )) —> 

x€E k 

sup l2*{h(x)), from which follows that limsupc Pii /c < sup l2*{h(x)). Since this 

x£E k iSN xeE k 

holds for any h £ H/ c , it follows that 

limsupc Pij fc < C 2 *,k = Cfc. 

ieN 


On the other hand, the function /(r) = j;r p --£-r 2 attains its maximum on [0, +00) 
at r = 1 and therefore h(r) < i — A. for all r > 0. It follows 



from which follows that Ck < lim inf c Pij fc, and claim (1) is proved. 

If now p < 2*, we are in the subcritical case, that is we have compactness in 
the Sobolev embedding H 2 0 (S2) —> \x\~ s dx) and therefore I p has the Palais- 

Smale condition. It is then standard to find critical points u pt k for I p at each level 
c P ,k (see for example ESI)- Now there are many ways to establish growth estimates 
for c Pi fc as k — > +00, and we shall use here the one based on the Morse indices of 
these variationally obtained solutions, a method first used by by Bahri-Lions [J| 
and independently by Tanaka ED We need the following key estimate of Li-Yau 

El- 

Lemma 7.1. Let V £ L n / 2 (fl) and denote by m* (P) the number of non-positive 
eigenvalues of the following eigenvalue problem: 

J A u — Vu = \u onfl 

[ u = 0 on dfl. 

If n > 3, then there is a constant C n > 0 such that m* (P) < CVi||P||^/2- 

To prove the growth estimates on the critical values c Pi fc, one can follow m (see 
also m) and identify a cohomotopic family of sets Ft of dimension k in such a way 
that if Dk denotes the ball in Ek of radius Rk and if 7 £ H^, then 7(Hfc) £ Ft- It 
then follows that there exists v p ^ £ H 2 0 {£t) such that I p {v Pi k) < c Pt k, I'{v Pi k) = 0 
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and m*(v p ,k) > k, where m*(v Ptk ) is the augmented Morse index of I p at v Ptk - In 
other words, since 

Ip(v)(h, h) = / \Vh\ 2 dx - (p - 1) / ^n~h 2 dx 
n n 

in Id _1 (n), this means that the operator (A ~ {p — 1) |* „ —) possesses at least 

k non-positive eigenvalues. Applying the above lemma, we get that the number of 

these non-positive eigenvalues is bounded above by C n J \(p — 1) —] ~ dx). 

n 

Since p < ■^ 2 , we have q := n ^_ 2 ) > U as well as its conjugate q'. Moreover, since 

p < 2 t7> , we have that 2p ~n P + 2 n < n • ^ then follows from Holder’s inequality 
that: 


k < C n / \p- 1| 


D>fe | (p - 2) ’ 


■ dx 


(123) 


(P-2) 


< C„|p-l|2 


<r c 

— v -'n,p 



where C n , P = C n \p - 1 | ? (f 


n \ x 


2p — np + 2n 


■ dx 


Since (I'(v Ptk ),v p , k ) = 0, it follows that / |Vv p> fc | 2 da; = / dec, which finally 

n ’ n m 

implies that 


c p ,k A d(v p .k) — 


|Vv p ,fc | 2 dx - 


■ dx 


n 

1 1 
2 


P J FI 
n 


■ da: 


> £ ) n, P fc" (p ' 2) ■ 


where £>„ lP = (§ - ^)C n , P ^ p 2) . 


To prove 4) we proceed by contradiction and assume that (cfc)fc is bounded so 
that a subsequence of which converges to some real number c. Using the first claim 
of the proposition, there exists for each k € N, 2 < pk < 2* such that |c Pfe> fc —Cfc| < £ 
in such a way that limfc^ +oc p*, = 2 * and 

lim c Pfci fe = lim c k = c. (124) 

k— >-+oo fc— »+oo 

As above, there exists v Pk , k G -ff 2 0 (H) such that I Pk {v Pk , k ) < c Pk , k , I pk {v Pk , k ) = 0 
and m*{v Pk:k ) > k, where m*(v Pktk ) is the augmented Morse index of I Pk at v Pktk . 



CONCENTRATION ESTIMATES FOR EMDEN-FOWLER EQUATIONS 


45 


But (11241 gives that the energies of (v Pky k)k are uniformly bounded and therefore 
( v Pkt k)k is bounded in Hf 0 (Ll). It follows from Proposition IS.ll and the compactness 
Theorem Ol that they converge to a solution v of (THTji with energy below level c. 
In particular, there exists C > 0 such that 


K ; pib,fc( a ')l — 

for all x £ and all k £ N. With 112 ;-)!) applied to v Pki k, we get that 
k<c n [ | Pk - i |^ lt,w ; fcl ,^ a)3 dx. 


(125) 


With (11251 . we get that there exists a constant C > 0 independant of k such that 

dx 


k<C 


In \x\ ^ 


In particular, since s £ (0, 2), the integral is finite and there existe C > 0 such that 
k < C for all k £ N. A contradiction, and we are done with the proposition. 


To complete the proof of Theorem 1.3, notice that since for each k , we have 
lim I Pi {u Pi k) = lim c Pi k = Ck, it follows that the sequence ( u Pi k)i is uniformly 

Pi —> 2 * ’ P i— > 2 * 

bounded in H 2 0 (Ll). Moreover, since I p .{u Pu k) = 0, it follows from Proposition l 8 .ll 
and the compactness Theorem Ol that by letting — > 2*, we get a solution Uk of 
m in such a way that l 2 *(uk) = lim^ I p {u Pt k ) = lim* c Py k = Ck■ Since the latter 

sequence goes to infinity, it follows that tup has an infinite number of critical 

I 12* —2 

levels. The result for the equation A u + au = 1 M| ,| 3 u when A + a is coercive goes 
the same way, and Theorem ll.2l is proved. 


8. Appendix A: Regularity of weak solutions 

In this appendix, we prove the following regularity result. Note that such a 
C 1 —regularity was first proved out by Egnell DU- We include the proof for com¬ 
pleteness. 

Proposition 8 . 1 . Let LI be a smooth domain of K™, n > 3. We assume that either 
LI is bounded, or LI = K" . We let s £ (0,2) and a £ C°(Ll). We let e £ [0,2* — 2) 
and consider u £ Hf 0 (Ll) a weak solution of 

1'7/P ~^~ e U 

A u + au= -- in V'{Ll). 

\x\ s 

Thenu £ C 1 ’ 6 , (n) for all 6 S (0, min{l, 2*—e—s}) if LI is bounded, andu £ C^f c { R") 
for all 6 £ (0, minjl, 2* — e — s}) if LI = K." . In addition, in all the cases, we have 
that u £ C 2 (Ll\ {0}) if a £ C 0,a (Ll) for some a £ (0,1). 

Proof. We prove the result when LI is bounded. The arguments and the results are 
basically local, and the proof goes the same way when LI = R” . 

Step 1811 : We follow the strategy developed by Trudinger (021 , and EH! for an 
exposition in book form). Let (3 > 1, and L > 0. We let 
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f | t\P H if |t| < L 

G L (t) = \ t3L^- 1 {t-L) + L^ if t>L 
{ t3LP~ 1 (t +L) - L? if t<-L 

and 

( \t1 if \t\ < L 

H L (t) = < if t> L 

{ P+l L ^ {t + L) - L ^ if t <-L 

As easily checked, 


0 < tG L (t) < H L (t) 2 and G' L (t) = H' L {t )) 2 

for all t £ M and all L > 0. Let ry € G£°(R n ). As easily checked, t] 2 Gl{u), tiHl(u) € 
H 2 o (0). With the equation verified by u, we get that 

[ VmV (ry 2 Gl(u)) dx = [ ^ - t] 2 uGl(u)(Ix — [ ar] 2 uGL(u) dx. (126) 

Jn Jn Fr Jn 

We let = /q Gl{t) dr for all tel. Integrating by parts, we get that 


[ S7uS7 [rj 2 G l{;u)) dx = f rj 2 G' L {u)\\7 u\ 2 dx + f \/rj 2 \7 Jl{u) dx 
Jq Jq Jq 

= (j3+\y j Q V 2 \VHl(u)\ 2 dx + ^(A?y 2 ) J L (u) dx 

+ f (A if)J L (u)dx (127) 

Jn 


On the other hand, with Holder’s inequality and the definition of fi s ( 1"), we get 
that 



< 


x 


12 -2 —e 


— a ) • ?y 2 uGl{u ) dx < I I |a| + 


(\a\-\x\° + \u\ 2 *- 2 -^ 


■ dx 


OnSupp rj 



n M ) yVnnSupp 77 \ x \ ) 


0 r]H L {u)) 2 dx 


<a[ \\/(r/H L {u))\ 2 dx 
Jn 


( 128 ) 
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where 

/ 

JonSupp 

Plugging 11271) and 11281) into 1126[) . we get that 

A ’ In da; - ( < g^ 1 )2 l 7 ? Ar lll^i ( M )| 2 ^ + JjA(rj 2 )J L (u)\ dx 

(129) 

where 

A := 4/3 / r (H-N a + H 2 *- 2 - g )^ 

(/3 + l) 2 y7nnSupp )7 I 2 -! 5 

^■ (rr ‘(L» P p„ff) TO 

Step |8|2: We let 

Po = supjp > 1 /tie L p (fl)}. 

It follows from Sobolev’s embedding theorem that po > We claim that 

po = +oo. 

We proceed by contradiction and assume that 





Po < oo. 

Let p € (2,po). It follows from the definition of po that u £ L p (fi). Let (3 = p— 1 > 
1. For any x £ fl, we let S x > 0 such that 


(M ■ |y| s + | u 


2 *— 2 —€\ 2 * - 2 - 


/^nB 2 5 £C (#) 

([ 

\JnnB 2Sas (x) M s 


\y\ s 

2e 

2* (2* —e) 


dy) p s (M") 


n\ — 1 


< 


2/3 


(/3+1) 2 ' 


(130) 


Since is compact, we get that there exists x\, ...,xn G such that 

N 

O c (J Bs x .(xi). 

i=1 

We fix i £ {l,...,iV} and let ?/ € C°°(B 2 s x .(xi)) such that 77(01) = 1 for all x £ 
Bs x . ( Xi ). We then get with cn and that 
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OsTTp/jv^W)! 2 * 

< J Q \v&v\\Hl{u)\ 2 dx + jjAr] 2 \\J L (u)\dx. (131) 

Recall that it follows from Sobolev’s inequality that there exists K(n, 2) > 0 that 
depends only on n such that 

n — 2 

(f \f\^dx) n < K(n, 2) f \Vf\ 2 dx (132) 

\jR n J JR n 

for all / G Hi 0 (R n ). It follows from (1131D and (|132|) that 

WTi y K (». 2 ) _1 (/ 0 lf^(“ )| *‘ i *) " 

< Jj t i a v\\ Hl (u)\ 2dx + |A?rl ■ \Mu)\dx 

for all L > 0. As easily checked, there exists Co > 0 such that \Jh(t)\ < Co|t| /3+1 
for all f £ R and all L > 0. Since u £ L@ +1 (fl), we get that there exists a constant 
C = C(r), u, f3, fl) independant of L such that 


JQnBs x . ( Xi ) 

for all L > 0. Letting L —> +oo, we get that 


\Hl(u )\"- 2 dx < f \r]HL(u))\ n ~ 2 dx < C 
J n 


/ |?/| 7,-2 (d+!) fix < +0O, 

JQf)Bs Xi ( Xi ) 

for all i = 1...7V. We then get that u £ L : ^ 2 ^ +1 \fl) = L« r 2 p (fl). And then, 
^H^p < Po for all P G (2,p 0 ). Letting p — > p 0 , we get a contradiction. Then 
Po = +oo and u £ L p (fl) for all p > 1. This ends Step 02. 


Step 03: We claim that 


u £ c°’ a (n) 

for all a € (0,1). Indeed, it follows from Step 02 and the assumption 0 < s < 2 
that there exists p > § such that 

, ,2*—2—e 

/ £ :=^ -auetf’(fi). 

FI 

It follows from standard elliptic theory that, in this case, u £ C 0,a (fl) for all 
a £ (0,min{2 — s, 1}). We let 

a 0 = sup{a £ (0,1)/u£ (7 0 ’ a (f2)}. 

Note that it follows from the preceding remark that ao > 0. We let a £ (0, op)- 
Then u £ C 0,a (fl). Since u(0) = 0, we then get that 


\u(x)\ < \u(x) — u(0)| < C|a;| a . 


(133) 
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We then get with fTH that 


\fe(x)\ = 


l' u ( a; )l 


2 —1 —€„ 


c 


C 


for all a; £ fi. We distinguish 2 cases: 

Case\^3.1: s — (2* — 1 — e)a 0 < 0. In this case, for any p > 1, up to taking a close 
enough to a o, we get that 


h £ LP{n). 

Since Am = f e and u £ Hf 0 ( f2), it follows from standard elliptic theory that for 
any 6 £ (0,1), we have that u £ C 1,0 (fl). It follows that ao = 1. This proves the 
claim in Case|Hl3.1. 

Case\f&3.2: s — (2* — 1 — e)ao > 0- In this case, for any p < s _^*ff 1 _ e ) ao , up to 
taking a close enough to ao, we get that 

fe e LP(n). 

We distinguish 3 subcases. 

Case\^3. 2.1: s — ( 2* — 1 — e)ao < 1. In this case, up to taking a close enough to 
ao, there exists p > n such that 


fe £ LP(n). 

Since Am = f e and u £ Hf 0 { f2), it follows from standard elliptic theory that there 
exist exists 9 £ (0,1) such that u £ C 1,e (fl). It follows that ao = 1. This proves 
the claim in Case 03.2.1. 

Case\^3.2.2: s — (2* — 1 — e)ao = 1. In this case, for any p < n, up to taking a 
close enough to ao, we get that 


fe £ LP(Q). 

Since Am = f e and u £ .Hf 0 (fl), it follows from standard elliptic theory that 
m £ C' 0 , “(f2) for all a £ (0,1). It follows that ao = 1. This proves the claim in Case 
03.2.2. 

Case\^3.2.3: s — (2* — 1 — e)ao > 1. In this case, it follows from standard elliptic 
theory that u £ C 0 ’ Q (S 2 ) for all 

d < 2 — (s — ( 2 * — 1 — e)a 0 ). 

It follows from the definition of ao that 

ao > 2 - (s - ( 2 * - 1 - e)a 0 ), 

and then 

0 > 2 - s + ( 2 * - 2 - e) a 0 > 0 , 

a contradiction since s < 2 and e < 2* — 2. This proves that Case 03.2.3 does not 
occur, and we are back to the other cases. 

Clearly, theses cases end Step 03. 

Step 04: We claim that 
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for all 8 £ (0,min{l,2* — e — s}). We proceed as in Step 03. We let a G (0,1) 
(note that ao = 1). We then get that 


\fe{x)\ = 


C 


C 


for all x £ Q. We distinguish 2 cases: 

Case \34-l: s — ( 2 * — 1 — e) < 0. In this case, for any p > 1, up to taking a close 
enough to ao, we get that 


fe £ LP(Sl). 

Since A u = f e and u £ -£f 2 0 (fl), it follows from standard elliptic theory that 
u £ C^iQ) for all 8 £ (0,1). It follows that ao = 1. This proves the claim in Case 
04.1. 

Case\^f.2: s — (2* — 1 — e) > 0. In this case, for any p < , up to taking 

a close enough to 1 , we get that 


U G LP(n). 

As easily checked, 

1 - (s - ( 2 * - 1 - e)) = 2 - s + ( 2 * - 1 - e) - 1 > 2 * - 2 - e > 0 
We then get that there exists p > n such that f e £ L p { fl). Since A u = f e and 
u £ Hf 0 (Ll), it follows from standard elliptic theory that u £ C 1,0 (Q) for all 
8 £ (0, min{l, 2* — e — s}). This proves the claim in Case04.2. 

Combining Case 04.1 and Case 04.2, we obtain Step 04. Proposition EH follows 
from Step 04. □ 

9. Appendix B: Properties of the Green’s function 

This section is devoted to the proof of some useful properties of the Green’s 
function for a coercive operator. Concerning notations, for any function F : X x 
Y —> R and any x £ X, we let F x : Y —> R such that F x (y) = F(x, y) for all y £ Y. 
We prove the following: 

Theorem 9.1. Let Q be a bounded domain o/R”, n > 3. Let K, A > 0. Let 
8 £ (0,1) and a £ C 0,e (O) such that 

|a.(cc)| < K and |a(a;) — a(y)\ < K\x — y\ e (134) 

for all x 7 y £ Q and 

I (|V (/?| 2 + a(p 2 ) dx > A f tp 2 dx (135) 

2 J n 

for all (p £ C^°(f2). Then there exists G : LI x Q \ {(x, x)/x £ LI} —> R such that 
(Gl) For any x £ fi, G x £ L 1 ( fl) and G x £ C 2,8 (Ll \ {a:}). 

(G2) For any x £ fi, G x > 0 m O \ {x} and G x = 0 on dLl. 

(G3) For any yj £ C 2 (Ll) such that <p = 0 on dLl, we have that 
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<p{x) = / G(x,y)(Aip + atp)(y)dy 
J n 

for all x £ Cl. 

(G4) G{x, y) = G(y , x) for all x,y £Cl, x V- 
(G5) There exists C = C(Cl, K, A) > 0 such that 

\x — y\ n ~ 2 \G(x, y)| < C(Cl, K, A) 

for all x,y £ Cl, x ^ y. 

(G6) There exists C = C(Cl , K, A) > 0 such that 

\x-y\ n - 1 \G(x,y)\<C(Cl,K,X)d(y,dn) 
for all x,y £ Cl, x ^ y. 

(G7) There exists C = C(Cl , K , A) > 0 sitc/i that 

\x - yr-^WGM <C{n,K,\) 

for all x,y £ Cl, x ^ y. 

(G8) There exists C = C(Cl,K, A) > 0 such that 


\x - y\ n \\7 y G x (y)\ < C(n, K, X)d(x, dC) 
for all x,y £ Cl, x ^ y. 

Some similar properties are available for the normal derivative of G at the boundary. 
Namely, 

Theorem 9.2. Let Cl be a bounded domain of R", n > 3. We assume 0 £ dCl. 
Let K, A > 0. Let 9 £ (0,1) and a £ C 0,e (Cl) such that \13f\) and \135\) hold. We 
let G as in Theorem 00 We let H(x) = — d v G x (f)) for all x £ Cl \ {x}. Then the 
following assertions hold: 

(G9) H £ C 2 (Cl \ {0}), H > 0 in Cl and H = 0 on dCl \ {0}, 

(G10) AH + aH = 0 in Cl, 

(Gil) There exists C = C{Cl , K , A) > 0 such that 


d(x,dC) ^ TT , Cd(x,dCl) 

——r .—:- < H(X) < -:—:- 

C\x\ n ~ w \x\ n 

for all x £ Cl. 

(G12) There exists C = C(Cl, K , A) > 0 and S = S(Cl, K, A) > 0 such that 


1 

C\x\ n 


< |V17(.t)| < 


C 

\x\ n 


for all x £ B$(0) fl Cl. 


The proof of Theorem lh.ll is very close to the proof of the existence of the Green’s 
function on a compact manifold without boundary provided in m- We just give 
the main steps of the proof and outline the difference with m. when necessary. We 
prove Theorem IP in details. 

Step[9jl: This Step is devoted to the proof of points (G1)-(G5) of Theorem 19. II 
We only sketch the proof. Details are available in m- We define 
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^ X,V ^ (n — 2)uj n -i\x — y\ n 2 

for all x,y &R n such that x ^ y. In this expression, u> n -i denotes the volume of 
the standard (n — 1)—sphere. The function TL is the standard Green kernel of the 
Laplacian in R n . We define the functions IYs by induction. Given x, y G 0, x ^ y, 
we let 


D {x,y) = -a(y)H(x,y) 

Tj+i (x,y) = J n T i (x,z)T 1 (z,y)dz for all * > 1. 

As easily checked, T, ; G (7°(0 x O \ {(x, x)/x G O}) for all i > 1. Standard 
computations yield that there exists (7(0, n, K) > 0 such that 

|Tj(a;, y)\ < C(H,n,K)\x - y\ 2l ~ n if 2i < n 

jr.j(ac, y)\ < C(n,n, K) (1 + |ln \x - j/||) if 2 i = n 

|Tj(a;, y)\ < C{ f2, n, K ) if 2 i > n, i < n. 

for all x,y G O, x ^ y. In addition, can be extended to a continuous function in 
Q x O for all i > n/2. We let x G f2. We let U x G Hf 0 (Q) such that 

A U x + aU x = T„ + i(x, •) in T>'(fl). 

Since T ra+ i is uniformly bounded in L°°, it follows from standard elliptic theory 
that U x G (fl) for all p > 1 and that there exists (7(12, K , A) > 0 such that 


ll^llc 1 (0) <(7(0, K, A) 
for all x G O. We let V x G i? 2 (0) such that 

f AV X + aV x = 0 in£>'(0) 

1 V x {y) = -H{x, y) - Yh=i In r i( x > z)H{z, y) dz for all y G 90. 

It follows from standard elliptic theory that for any x G 0,14 €E <7 1 (0). Moreover, it 
follows from the explicit expression of H and the IYs that there exists (7(0, K, A)' > 
0 such that V x (y) < (7(0, K, A)' for all x G O and all y G 90. Since A+a is coercive, 
it follows from the comparison principle that there exists (7(0, K , A) > 0 such that 

V x (y) < (7(0, K, A) 

for all x G O and all y G O. We let 


G x (y) :=H(x,y) + Y] / Ti(x, z)H{z,y) dz + U x (y) + V x (y) 

i=i 

for all j/GO. It follows from the construction of G that there exists (7(0, K, A) > 0 
such that 


G(x,y) < C(Q,K, A) • \x - y\ 2 ~ n 


for all x, y G O, x y and that G x vanishes on 90 for all iGO. This prove point 
(G5). We let ip G (7 2 (0) such that (p = 0 on 90. Noting that 


V{z) 


H{z,y)Aip(y)dy + 



H(x,y)d v p>(y) da(y) 
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for all z £ f2, we get with some integrations by parts that 

V{x)= / G(x, y)(Aip T aip)(y) dy. 

Jo. 

This proves point (G3). It then follows that 

A G x T aG x = 0 in \ {x}). 

Since G x = 0 on dfl, we get that G x £ Cf 0 ’^(fl \ {x}). It the follows from the 
construction and the maximum principle that G x > 0 in Q \ {x}. This proves 
points (G2) and (Gl). Point (G4) is standard, we refer to [2J or m- 

Step|9j2: We prove points (G6) and (G7) of Theorem 19.II We proceed by contra¬ 
diction and assume that there exists a sequence (a k )keN £ C°’ 0 (fl) and sequences 
(xk)keN, (yk)ke n € such that 113411 and 11351) hold and 


lim 

k —>-+oo 


\x k -yk\ n - 1 \VG Xk (y k )\ + 


I Xk Vk\ G Xk (yk) 

d(y k ,dfl) 


= Too 


(136) 


where G Xk is the Green’s function for A T a k at x k - We let Xoo = lim.fc^ +00 x k and 
Uoo = limfc^+oo yk (these limits exist up to a subsequence). 


Case 1: Xoo ^ y^. We let 0 < <5 < |xoo — yoo|/4. It follows from point (G5) that 
there exists C > 0 independant of k such that \G Xk (y)\ < C for all y £ finB Voo (2S). 
Since A G Xk +a k G Xk = 0 and G Xk = 0 on dtt, it follows from standard elliptic theory 
that 


ll^fcllc 1 (nns !/00 ((5)) = ^(-0 

when k —> Too. Since G Xk vanishes on <9f l, we get that there exists C > 0 such 
that 


\G Xk (y)\ < Cd(y,dn) and \VG Xk {y)\ < C 
for all y £ 57 D B yoa (S) and all e > 0. A contradiction with 113611 . 
Case 2: x^ = y^. 

Case 2.1: We assume that 


d(xk,dQ)>2\y k -Xk\ (137) 

up to a subsequence. We let 

Gk{z) \y k x k | G{xk i Xk T \y k x k |~) 
for all z £ B 3 / 2 (0). With our assumption, this is well defined. It follows from (G5) 
that there exists C > 0 such that 


\G k (z)\ < C 

for all 2 £ B 3 / 2 (0) \ £?i/ 4 (0). Moreover, G k verifies the equation 

A Gk T | y k Xk | a k {xk T \y k Xklz')Gk(z') — 0 
in B 3 / 2 ( 0) \ B l / 4 (0). It follows from standard elliptic theory that 

H G 'fellc 1 (B 5/4 (0)\B 1/2 (0)) = °( 1 ) 
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when k —> +oo. Taking z = , Vk _ Xk , and coming back to G x . , we get that 

\x k -y k \ n - 1 \VG Xk (y k )\=0(l) (138) 

when k — > +oo. Moreover, it follows from point (G5) of Theorem 19.11 and 113711 
that there exists C > 0 such that 

\x k - y k \ n ~ 1 G Xk (y k ) < Cd(y k , dfl) (139) 

when k — > +oo. Inequations ifTTIHll and m contradict 113till . 

Case 2.2: We assume that 


d(x k ,dG,) < 2\y k - x k \ (140) 

up to a subsequence. In particular, Xoo £ dCl. We let a chart ip : U —> V as in m 
with j/o = Xoo and where U, V are open neighborhoods of 0 and Xoo respectively. 
We let x k ,y k £ U H {x\ < 0} such that x k = tp(x k ) and y k = <p(y k ). As a remark, 
linifc^+oo x k = limfc^-i-oo y k = 0. We let x kt i < 0 be the first coordinate of x k . As 
in Step 02, we have that d(x k ,dfl) = (1 +o(l))|ife,i| when k +oo. We then get 
with m that x k ,i = 0(\y k — x k \) when k —> +oo. We let 

pk = | - ‘ fc,1 ~ | and poo = lim p k 
\yk — X k \ k^+oo 

(this limit exists up to a subsequence). We let R > 0 and we let 

G k (z) = | y k - x k \ n ~ 2 G(x k ,y)(x k + \y k - x k \ (z - p k e i))) 

for all k and all 2 £ Br( 0) D {z\ < 0}. Here e\ denotes the first vector of the 
canonical basis of R". Note that G k vanishes on Br( 0) ft {zi = 0}. It follows of the 
pointwise estimate (G5) that for any R, S > 0, there exists C(R, S) > 0 such that 

\G k (z)\<C(R,S) 

for all 2 £ [-Br(O) \ H,5(Gooo, 0,...,0))] fl {zi < 0}. The function G k verifies the 
equation 


G k T \y k x k \ a k (}p (x k \y k x k | (z ( p k , 0, ..,0))))G^ — 0 

in [Hfl(0) \ Bs{(poo, 0,..., 0))] fl {24 < 0}. It then follows from standard elliptic 
theory that l|G'fc|| cl([Bs/ 2 ( 0 )X B M(Paoi ..., 0)]n{2l < 0}) = 0(1) when k + 00 . As in 
Case 2.1, we get that 

\x k -y k \ n - 1 \\7G Xk (y k )\=0(l) (141) 

when k —> + 00 . Moreover, since G k vanishes on 9R", there exists C > 0 such that 


\G k {z)\<C\z x \ 


for all z £ [H fl/2 (0)\H 2 5(/3oo,-.-,0)]n{2i < 0}. Taking 2 = (p k , ...,0) + , we 

get that 


\x k -y k \ n 1 G Xk (y k ) <Cd{y k ,dn) (142) 

for all k large enough. A contradiction with C33- 

In all the cases, we have contradicted (JED). This proves points (G 6 ) and (G7) of 
Theorem EH 
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Step [9j3: We prove point (G 8 ) of Theorem 19.11 More precisely, we claim that 
there exists C = C(Cl, K, A) >0 such that 

|x — y\ n G{x , y) < Cd{y , dfl)d(x, dCl) (143) 

and 

\x-y\ n \V v G(x,y)\<Cd(x,dSl) 

for all x, y £ fl, x ^ fi. Indeed we proceed as in the proof of points (G 6 ) and (G7). 
We proceed by contradiction and assume that there exist a sequence (a k ) k ^ € 
C 0 ,e (n) and sequences (xfc)fceN> (yk)ke N € 0 such that 11341) and HI 3 51) hold and 


]• I In |G(Xfe,I/fe)| I m | VG^j. (?/fe)| _ , Iaaa\ 

fc J +00 l fc yk \ d(x k ,dn)d{ yk ,dci ) + 1 k yfc| d{x k ,dn) ~ + ^ ^ 

where G Xk is the Green’s function for A + a k at x k . We let Xoo = limfc^ +00 x k and 
i/oo = limfc^+oo y k (these limits exist up to a subsequence). 

Case 1: x^ ^ y^. We let 0 < 6 < |xoo — yoo|/4- We let 


G k (z) = 


G k {x k , z) 


d(x k ,dCl) 

for all z £ Cl. As in Case 1 of the proof of (G6)-(G7), using (G 6 ), we get that 


II^IIcqfinB^Ob) — ^(1) 

when k —> +oo. It then follows that 

G k (y k ) < Cd{y k ,dCl) and \VG k (y k )\ < C 
when k —> +oo. A contradiction with m - 

Case 2: Xoo = yoo- 
Case 2.1: We assume that 


d(x k ,dCl) > 2\y k - x k \ 

up to a subsequence. We then obtain that \x k — y k \ < d(y k ,dCl). This inequality 
and (G6)-(G7) yield to a contradiction with 11441) . 

Case 2.2: We assume that 

d(x k , dCl) C 2\y k x k | 

up to a subsequence. In particular, Xqo £ dCl. We let a chart ip : U —> V as in m 
with yo = Xoo and where I/, V are open neighborhoods of 0 and x^ respectively. 
We let x kl y k £ U D {xi < 0} such that x k = <p(x k ) and y k = <p{y k ). We let 


G k (z) = | y k - x fe 


in —1 


G 


Xfe 


P ( X k + I y k - Xfc| (z- ( |gfc-’a fc | , O’ 0 


d(x k ,dCl) 


for all z £ [Br(0) \ Bs{p oa ,{) 1 ...,0)] D {z± < 0}. As in Case 2.2 of the proof of 
(G6)-(G7), we get with (G 6 ) that for any R > 45 > 0, we have that 


IG 


fe|lc 1 ([B B/ 2 ( 0 )\B 25 (P=o, 0 ,..., 0 )]n{ 2 i< 0 }) 


0 ( 1 ) 
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when k —> +oo, where /3oo = limfc_»+oc \yl-s k \ ■ Since G k vanishes on {z\ = 0 }, 
it then follows that there exists C > 0 such that \Gk(z)\ < C\zi\ for all z £ 
[-®R/ 2 ( 0 ) \ - 825 (^ 00 , 0 , ..., 0 )] fl {z\ < 0}. Coming back to the definition of Gk and 
noting that d(y k , dfl) = (1 + o(l))|j/fc i i| when k —> + 00 , we get a contradiction with 
dm as in Case 2.2 of Step OH 2 . 

In all the cases, we have contradicted 111441) . This proves the claim and ends Step 

03 . 

The proof of Theorem EH is complete. We prove Theorem EJ 

StepE|4: We let H(x ) = —d„G x ( 0) for any x £ fi\{0}. It follows from 11431) that 
there exists C = C(fl, K, A) > 0 such that 


o<HW< c t; asi) < 


C 


(145) 


for all x £ fl. Since A G x + aG x = 0 in fl \ {.t}, using the symetry (G4) of G and 
11451) . we get that H £ C 2 (fl \ {0}) and that AH + aH = 0 in fl and H(x) = 0 for 
all x £ dfl \ {0}. Derivating (G3), we get that 


d„ip(0) = — f H(x) ( Aip + cup)(x) dx (146) 

Jn 

for all if £ C 2 (fl) such that ip = 0 on dfl. 

Step |9j5: Assume that there exists a sequence (ak)k> 0 £ C 0,e (fl) such that 
m and (fTTTTli hold, that there exists a sequence (rk)k >0 £ R such that Tk > 0 , 
lim fc ^ +00 r k = 0 and 


r H k {x)\x\ n 

, llm SU P “177—H7W 

k ^+°°\x\=r k d(x,Oil) 


= 0 , 


where H k comes from the Green’s function of A + a k - We claim that in this 
situation, we have that 


lim 


sup , 

k ^+00 i rfe <| x |< 3rfe V d{x,dfl) 


( H k (x)\:, 


+ N"| VH k (x)\) = 0. 


(147) 


Indeed, we let p : U —> V as in o where U, V are open neighborhoods of 0. We 
let 


H k {x) = rl l H k {if(r k x)) 

for all a; £ D {x\ < 0}. It follows from 11451) that for any R > 8 > 0, there exists 
C(R,S) > 0 such that \H k (x)\ < C(R,S) for all x £ [-Br(O) \ Bj(0)] D {x\ < 0}. In 
addition H k vanishes when x\ = 0. Moreover, we have that 

A gk H k + r 2 k a k {if{rkx))Hk = 0, 

where ( g k )ij = (dip, djip)(r k x) for i,j £ {l,...,n}. It then follows from standard 
elliptic theory that there exists H £ C 2 (R" \ {0}) such that AH = 0 in R" \ {0} 
and 


lim H k = H 
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in C) 2 oc (R" \ {0}). As easily checked, we have that 


and 


lim sup 

k —^ A - oo i \ i if 


/ H k (x)\x\ n 
\ d(x, dfl) 


\x\ n \VH k (x)\ 


= sup 
±<|x|<3 


/ H(x)\x\ n 

\ Nil 


\x\ n \WH(x)\ 


0 = 


lim 

k — >-+oo 


sup 

|x|=rfc 


H k (x)\x\ n 
d(x, <9fl) 


sup 

l*l=i 


( g(a’)Nj n \ 

^ Nil )' 


(148) 


(149) 


Assume that H ^ 0. Then, since H > 0 vanishes on <9R", we have that H > 0 in 
R" and d\H < 0 on <9R" \ {0}. It then follows that the RHS of (I149D is positive. 
A contradiction, since the LHS is 0. Then H = 0, and TO follows from STM . 
This ends Step |9]5. 


Step ||JJ6: We claim that there exists e(f), I \, A) > 0 such that 


• t H(x)\x\ n 
lim inf sup ———— 
r - >0 |x|=r d(x, oil) 


> e(Cl,K , A). 


(150) 


Indeed, we argue by contradiction and assume that there exists a sequence (a k ) k> o £ 
C°’ e (ft) such that (11851) and hold, that there exists a sequence (r k )k >o £ R 
such that r k > 0, limfc^ +oc r k = 0 and 


lim 

k — »+oo 


H k (x)\x\ n 

d(x,m) 


= 0, 


where H k comes from the Green’s function of A + a k - It then follows from Step 
El 5. that 


lim TOfc = 0. 


k-*-\- oo 


(151) 


where 


m k := sup 

\ r k< |x|<3r fe 


H k (x)\x\ 


\x\ n \VH k (x)\ 


We let fj £ C°° 

Vk(x) = fj(x/r k ) for all x £ 


d{x, dfl) 

) such fj = 0 in £?i(0) and fj = 1 in 


\ B 2 { 0). We let 


and all k > 0. We let (p k £ C 2 (fl) such that 


A ip k + a k ip k = 1 in and ip k = 0 on dCl. 

It follows from standard elliptic theory that linifc^+oo ip k = ^ 0 in C7 2 (T2). It 

then follows from Hopf’s maximum principle that 


d v <p(0 ) < 0. 

Integrating by parts and using that A H k + a k H k = 0, we obtain that 


( 152 ) 
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H k (x)(Aip k + a k ip k ){x) dx = / (rj k H k )(x)(Aip k + a k ip k )(x ) dx + o(l) 

i Jn 

= / (A(r] k H k ) + ar) k H k )(f k dx + o(l) 


(( Arj k )H k - 2\7r/ k \7H k )ip k dx + o(l) 


JnnB 2rk {o)\B rk (o) 

+o(l) 


((A i-j k )H k - 2 Vr) k VH k )tp k dx 


where limfc^ +00 o(l) = 0. Since <pfc(0) = 0 and limfc^ +00 tp k = ip in using 

the definition of m k we get that 


/ H k (x)(Ap k + a k p k ){x) dx = O (r k (m k r k 2 rl n r k )) 


J n 

with mm . letting k —> +oo, and using vm we get that 


+ o(l) = 0(m k ) + o(l). 


d„<p{ 0) = 3^(0) + o(l) = - / H k (x)(Aip k + a k p k )(x) dx + o(l) = 0. 

Jn 

A contradiction with (11521 . and the claim is proved. 

Step 07: We claim that there exists e(f2, I\ , A) > 0 such that 

liminf inf > e(0, K, A). (153) 

r—*0 |x|=r d(x,dfl) 

Indeed, we argue by contradiction and assume that there exists a sequence (a k ) k> o £ 
C°’ e (n) such that (11351) and (HSU) hold, that there exists a sequence (r k ) k> o £ K 
such that r k > 0, limfc^ +oc r k = 0 and 


fc 


lim inf 

-^+oo \x\=r k 


H k (x)\x\ n 
d(x, dfl) 


= 0, 


where H k comes from the Green’s function of A + a k . Mimicking the proof of Step 
05, we obtain that H k (x) := r k _1 H k (<p(r k x)) converges to H in \ {0}). 

We get that 


inf 

1 * 1=1 


H(x) |a 


= lim inf 


H k (x)\c 


= 0. 


\X\\ fc^+oo \x\=r k d(x,8fl) 

Since H > 0 is harmonic and vanishes on <9R" \{0}, it follows from Hopf’s maximum 
principle that H = 0. We then get that 


lim sup 


H k (x) \o 


H(x) |; 


= 0. 


|x|=r fc d(x,dCl) | x |=l |*l| 

A contradiction with Step |9]6. This proves the claim. 

Step |9j8: We claim that there exists C = C(S2, K , A) > 0 such that 
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d(x,m) ^ TT , Cd(x, dCl) 

C\x\ n - w - \x\ n 

for all x £ fi \ {0}. Indeed, this claim is a consequence of 1145D . Step 07 and 
standard elliptic theory. This proves point (Gil). 

Step 09: We claim that there exists C(fl, K, A) > 0 such that 

\x\ n \VH(x)\ < C(Sl,K,\) (154) 

for all x £ \ {0}. We proceed by contradiction and assume that that there exists 

a sequence (ak)k >o £ C 0,e (Cl) such that (114511 and 11441) hold, that there exists a 
sequence (x k )k >o £ such that 

lim \xk\ n \'VH k (xk)\ = +oo, (155) 

k —>-+oo 

where H k comes from the Green’s function of A + a*,. 

Case 1: limfc^ +oc , Xk ^ 0. In this case, since A Hk + akHk = 0, it follows from 
and standard elliptic theory that \VH k (x k )\ = 0(1) when k — > +oo. 

Case 2: linifc^ +00 Xk = 0. We consider tp : U V as in m with yo = 0 and U, V 
are open neighborhoods of 0. We let Xk = <p(xk)- We let 

H k (x) = \xk\ n ~ 1 H k (<p(\xk\x)) 

for all x £ D {xi < 0}. As in Step05, we get that there exists C > 0 such that 

ll#fc||cTW<0}n.B 2 (0)\.B 1/2 (0)) < C. 

Estimating the gradient at Xk/\x k \, we get that 

\x k \ n \VH k {x k )\ = 0(1) 

when k —> +oo. 

In both cases, we have contradicted 115511 . This proves 

Step 010: We claim that there exists 5(Q, K, A), C(S1, Jv, A) >0 such that 

\x\ n \VH(x)\ > C(f2, K, A) (156) 

for all x £ fl \ {0} such that |x| < <5(11, K, A). We proceed by contradiction and 
assume that that there exists a sequence (a k ) k >o £ C°’ e (Q) such that 114511 and 
CCHt hold, that there exists a sequence (x k )k >o £ O such that limfc^ +00 x k = 0 
and 


lim \x k nS7H k (x k )\=0, (157) 

k —»+oo 

where H k comes from the Green’s function of A + a k - We let x k = p(x k ) and 
y k = <p(iik)- We let 

H k (x) = Ixk^ 1 H k {p{\x k \x)) 

for all x £ -|A n {xi < 0}. Mimicking the proof of Steps 05 and 09, we get that 
there exists H £ 0 2 (R” \ {0}) such that 

lim H k = H 

k —»+oo 


(158) 
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in C? ' (R™ \ {0}). In particular, we have that H is harmonic. It follows from Step 
08 and 11581) that there exists C > 0 such that 


|w| <ii(x)< CM 


C\x\"’ ' ' \x\ 

for all x £ R" \ {0}. It then follows from the rigidity Property 19.11 below that 
V-ff(x) 7 ^ 0 for all x £ R" \ {0}. It follows from 115711 and 11581) that there exists 
x £ R™ \ {0} such that VPT(x) = 0. A contradiction. This proves I15(il) . 

Clearly Theorem 19.21 is a consequence of Steps 04 to 010 . 

Step 011: Our last step is the proof of the following rigidity result: 


Proposition 9.1. Let h £ C 2 (R” \ {0}). We assume that h is nonnegative in a 
neighborhood of 0, harmonic and vanishes on 9R™ \ {0}. We assume that there 
exists C > 0 such that |/i(x)| < C |x| 1_n for all x £ R" \ {0}. Then there exists 
a > 0 such that 


for all x £ R" \ {0}. 

Proof. Up to rescaling, we assume that h > 0 in B 2 { 0) \ {0}. We let 


a := max 


A > 0/ h{x) > for all x £ R™ D Ui(0) 


We let h(x) = h{x) — ater for all x £ R". The new function h satisfies the 
hypothesis of Proposition It). II In addition, it follows from the definition of a and 
Hopf’s maximum principle that 


liminf inf MiMl = 0 . 

!"-► 0 |x|=r — X\ 

Mimicking what was done in Steps 05 and 07, we get that 


h(x i,x) := 


r • f hfx)\x\ n 

hnrmf sup - = 0. 

\x\=r, xelTi 

We let 

h(x i,x) if xi < 0 and (xi,x) ^ 0 

—h(—x i,x) if Xi > 0. 

As easily checked, we have that h. £ C 2 (R" \ {0}) and Ah = 0 in R” \ {0}. With 
the definition of /i, we immediately get that 

f \H X )\ ■ M" n 

limmf sup -j—j-= 0. 

r ^o | x | =r |xi| 

We let (r/c)k>o such that limf,^ +00 rk = 0 and 

r • fi \H X )\ ■ |*r n 

k —>+oo | a ,|_ rfc |*^11 
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We let fj £ C°°(R") such that rj = 0 in -Bi(O) and rj = 1 in R n \ i?2(0). We let 
r]k{x) := fj(x/r k )■ Mimicking what was done in StepElfi, we let <p £ C£°(R") and 
get that 


/ hApdx = / rjkhAip dx + o(l) 

Jl" J R"- 

= [ A(r] k h) ■ (p - <p(0)) dx + <^(0) f A(r] k h) dx + o( 1 ) 

J R™ JI” 

= o(l) + v?( 0 ) [ A(r] k h)dx 

Jw- 

We let R > 3, and choose ko such that 0 < r k < 1 for k > kg. We then get that 


/ A(rj k h) dx 


f 


/ d v {p k h)da 

— 

/ A(rj k h) dx 

= 

J R n 


Jb r ( 0 ) 


JdB R ( 0 ) 


d,,h da 


>dB R ( 0 ) 


< CfT -1 #-" < 


C 

R 


Letting R —>■ +oo, we get that f Rn A(i] k h) dx = 0. We finally get that 


h Ap dx = 0 


for all p £ C™{R n ). As a consequence, Ah = 0 in P'(R n ), and h £ C 2 (R n ). Since 
there exists C > 0 such that |h(a;)| < C|a;| 1_ra , we then get that h is uniformly 
bounded on R”. Since Ah = 0, we get that h = 0. In particular, 


for all x £ RH \ { 0 }. 


h(x) 



□ 


10. Appendix C: Symmetry of the positive solutions to the limit 

EQUATION 

This section is devoted to the proof of a symmetry property for the positive 
solutions to the limit equations involved in Proposition rm 

Proposition 10 . 1 . Let n > 3 and s £ (0,2). We let u £ C 2 (R") fl C' 1 (R”) such 
that 

{ A u = in R” 

u > 0 in R” ( 159 ) 

u = 0 on <9R”, 

where 2* = 2 ^ i _ 2 s ' ) . We assume that there exists C > 0 such that u{x) < C( 1 + 
|a;|) 1_rl for all x £ R" . Then we have that u o a = u for all isometry of R” such 
that ct(R") = R” . In particular, there exists v £ C 2 (R* x R) fl C , 1 (R_ x R) such 
that for all x\ < 0 and all x' £ R ra_1 , we have that u{xi,x') = v(xi, \x'\). 
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We prove the Proposition in the sequel. We let u £ C 2 (R") fl C^R") that 
verifies the system 115911 and such that there exists C > 0 such that 

" (l) s (i + iii )— 1 <160) 

for all x £ R™. We ei be the first vector of the canonical basis of' 
open ball 

1 


*. We let the 


D Bi/2 ( e 'i 


We define 


j(x) := 


|2 -ra„ 


u \ e i + 


for all x £ D \ {0}. We prolongate v by 0 at 0. Clearly, this is well-defined. 
Step [Tol l : We claim that 

_ 

v £ C 2 (D ) n C'iD) and — < 0 on dD 

ov 

where d/dv denotes the outward normal derivative. 


(161) 


(162) 


Proof. It follows from the assumptions on u that v £ C 2 (D) fl C 1 (D\ {0}). More¬ 
over, v(x) >0 for all x £ D and v(x) =0 for all x £ dD \ {0}. It follows from the 
estimate (11601) that there exists C > 0 such that 

v(x) < C\x\ (163) 

for all x £ D\ {0}. Since r>(0) = 0, we have that v £ C°(D). The function v verifies 
the equation 


,, 2-1 


Av = 


(164) 


\x + \x\ 2 e\\ s |s| s \x + ei| s 
in D. Since — eT £ dD \ {0} and v £ C 1 (D \ {0}) fl C°(D), there exists C > 0 such 
that 

v(x) < C\x + e*i| (165) 

for all x £ D . It then follows from 053, CIS , (ESI and standard elliptic theory 
that v £ C ,1 (H). Since v > 0 in D, it follows from Hopf’s Lemma that < 0 on 
dD. CU □ 


We prove the symmetry of u by proving a symmetry property of v, which is 
defined on a ball. Our proof uses the moving plane method. We take largely 
inspiration in and [HI - Classically, for any n > 0 and any x = (x',x n ) £ R” 
{x’ £ R ”- 1 and x n £ R), we let 

x^ = {x',2/i - x n ) and D^ = {x £ D/ x lt £ D}. 

It follows from Hopf’s Lemma (see cnn ) that there exists eo > 0 such that for any 
fj, £ ()/ — e 0 , 5 ), we have that ^ 0 and v(x) > v(x M ) for all x £ D M such that 
x n < Ac We let \i > 0. We say that (P^) holds if D^ / 0 and 

v(x) > v(x fl ) 

for all x £ D M such that x n < fi. We let 

A := min > 0/ (P v ) holds for all v £ ^/r, | . (166) 
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Ster> Hol2: We claim that A = 0. 


Proof. We proceed by contradiction and assume that A > 0. We then get that 
D\ ^ 0 and that ( P\) holds. We let 

w(x) := v(x) — v(x\) 


for all x £ D\ ft {x n < A}. Since (P\) holds, we have that w(x) > 0 for all 
x £ D\ ft { x n < A}. With the equation (ll(i4t of v and ( P \), we get that 


Aw 


> 


v(x) 2 * * 1 v(x\) 2 * 1 

\x+\x\ 2 ei\ s |*a + |a^A | 2 e*i I s 


f 


\x+\x\ 2 e 1 \ s \x\ + \x x \ 2 ei\ 


for all x £ D\ ft {x n < A}. With straightforward computations, we have that 
|xa| 2 - \x\ 2 = 4A(A - x n ) 

\x\ + |aiA| 2 ei| 2 - \x + M 2 e*i| 2 = (|cca| 2 - M 2 ) (l + |ita| 2 + |rc| 2 + 2aq)) 

for all x £ R”. It follows that Aw(x) > 0 for all x £ D\ (~l {x n < A}. Note 
that we have used that A > 0. It then follows from Hopf’s Lemma and the strong 
comparison principle that 

dvo 

w > 0 in D\ (~l {x n < A} and —— < 0 on D\ D {x n = A}. (167) 

av 

By definition, there exists a sequence (Aj)j e N S M and a sequence (a: l )j g N € D such 
that Aj < A, x l £ D\ i , ( x l ) n < A,;, lim^+oo A,; = A and 


«(s*) < «((*%) 


(168) 


for all * £ N. Up to extraction a subsequence, we assume that there exists x £ 

(D\ D {x n < A}) such that lim,^ +oc x l = x with x n < A. Passing to the limit 

i —> +oo in we get that v(x) < v(x\). It follows from this last inequality and 

(17571) that v(x) — v(x\) = w(x) = 0, and then x £ d(D\ D {x n < A}). 

Case 1: We assume that x £ dD. Then v{x\) = 0 and x\ £ dD. Since D is a 
ball and A > 0, we get that x = x\ £ dD. Since v is C 1 , we get that there exists 
Ti € ((x l ) n ,2Xi — ( x l ) n ) such that 

v(x l ) - «((ic®)aJ = d n v((x'y,Ti) x 2{{x l ) n - A i) 

Letting i —> +oo, using that ( x l ) n < A i and m , we get that d n v(x ) > 0. On the 
other hand, we have that 

d " v{x) = < °- 
A contradiction. 

Case 2: We assume that x £ D. Since v(x\) = v(x), we then get that x\ £ D. 
Since x £ d(D\ D {x n < A}), we then get that x £ D D {x n = A}. With the same 
argument as in the preceding step, we get that d n v{x) > 0. On the other hand, 
since x n = A, we get with 11671) that d n v(x) = < 0. A contradiction. 

In all the cases, we have obtained a contradiction. This proves that A = 0. □ 
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Step Uni 3: Here goes the final argument. Since A = 0, it follows from the definition 
mm of A that v(x',x n ) > v(x',—x n ) for all x £ D such that x n < 0. With the 
same technique, we get the reverse inequality, and then, we get that 

v(x',x n ) = v(x',-x n ) 

for all x = ( x',x n ) £ D. In other words, v is symmetric with respect to the 

hyperplane {x n = 0}. The same analysis holds for any hyperplane containing e[. 

Coming back to the initial function u, this proves the Theorem. 
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